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ENERGY SPECTRUM AND MAGNETIC PROPERTIES OF THE DECORATED SPIN
LADDER MODELS OF NANOMAGNETS ON THE BASE OF POLYMERIC TRANSITION

METAL COMPOUNDS

V.O. Cheranovskiia, V.V. Mukhomodiarovab 
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The work is devoted to the theoretical study of the energy spectrum and low-temperature magnetic
properties  of  the  decorated spin-ladder model with the polyacene topology and the three types of the site
spins. On the base of cluster expansion technique an approximate analytical treatment of lowest part of the
energy spectra of  two isomeric ladder structures was given. It  is shown that the ladder model with singlet
ground state is more stable than its isomeric analog with the macroscopic ground state spin. In addition, the
numerical study of field dependence of low-temperature magnetization of 8- spin clusters of both ladder models
was performed by means of exact diagonalization method. On the base of these results, it was shown the
presence of an intermediate plateau in low-temperature magnetization profile of the above spin ladder models. 

Keywords: mixed spin ladder model, intermediate magnetization plateau.

Introduction

Low-dimensional quantum spin systems have become the subject of immense interest during the
last few years, since their properties are strongly affected by quantum fluctuations. The design of
highly ordered systems of paramagnetic metal centers is a current subject with the aim of providing
magnetic materials exhibiting spontaneous magnetization. The most known mixed spin systems corre-
spond to rather big family of so-called bimetallic magnets like NiCu(pbaOH)(H2O)3·2H2O, where pba
is 1,3-propylenebis(oxamato) [1]. There are also trimetalic polymeric systems like Prussian blue ana-
log (Nix Mn1-x)1.5[Cr(CN)6]  nH2O (x~0.4).  The exchange interaction of  localized spin moments  of
metal centers in polymeric complexes is mediated by ligands [1-3]. Hence, the chemical modification
of the ligands effects on the magnetic properties of these complexes. It open the way for targeted de-
sign of new magnetic materials for different technological applications. On the other side, numerous
experimental realizations of mixed spin compounds motivate their study by means of different meth-
ods of solid state physics and quantum chemistry.

In this study the main attention will be given to the consideration of two isomeric decorated spin
ladder systems formed by three different site spins s=1/2, 1 and 3/2. These spin systems have the
topology of polyacene lattice described by effective Heisenberg spin Hamiltonians – spin formalism of
well- known Valence Bond method of quantum chemistry. The exact energy spectra of these systems
are unknown. For approximate evaluation of the lowest part of the energy spectra of our ladder models
with the infinite number of unit cells we use simple two block cluster expansion technique [4]. In addi-
tion, in order to get information about the magnetic properties of the above spin systems, we use the
exact diagonalization study for the Hamiltonians of small lattice clusters at different values of spin
coupling parameters.

Heisenberg spin lattice model with three different types of the site spins

Let us start our consideration with two simple lattice systems formed by three different site spins
s=1/2, 1 and 3/2 with uniform antiferromagnetic coupling of neighboring spins (Fig.1)

© Cheranovskii V.O., Mukhomodiarova V.V., 2023
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Figure 1. Three and four spin systems formed by three different types of site spins. Here crimson, green and blue
balls correspond to the site spins s=3/2, 1 and 1/2, respectively.

In nearest neighbor approximation these two systems can be described by the following Heisenberg
spin Hamiltonians with coupling constant J=1:

, (1)

These Hamiltonians can be rewritten in the scalar product of two new spin operators with obvious
energy spectra:

, 
It  can  be  easily  shown that  the  ground  state  of  Ha is  singlet  (nonmagnetic)  with  the  energy

E0=-15/4.  For the Hamiltonian Hb  the ground state spin is  S0=3/2  and the corresponding energy is
E0=-7/2. These results are in agreement with the extended Lieb theorem [5-7] for bipartite spin lattice
systems.

Let us now consider more complicated two-leg spin-1/2 ladder model with the legs decorated by
two different site-spins s=1 and s=3/2, as it is shown below on Fig.2.

Figure 2. Two isomeric mixed spin ladder systems. 

The  above  two  spin  ladder  systems  are  described  by  Heisenberg  spin  Hamiltonian  with
antiferromagnetic coupling of neighbor site spins (J1  -  J3>0). For example, the Hamiltonian of the
system 2(a) with periodic boundaries has the form

(2)

where L is the total number of 4-spin unit cells and all spins are enumerated along the unit cells;
S2,i-is the spin-1/2 operator, located on l-th unit cell of the ladder; S1,i  and S3,i  - are the operators of
spin s=3/2 and s=1, respectively.

The spin ladder systems 2(a) and 2(b) have bipartite symmetry and, according to the generalized
Lieb theorem, the corresponding Heisenberg Hamiltonian have nondegenerate ground state with total
spin S0=L/2 for model 2(a), and S0=0 for model 2(b) with even number of 4-spin structural units (unit
cells in the case of model 1(a)). In addition, according to [7, 8] the ground state of the model 2(a)
should have ferrimagnetic spin ordering. Note also, that for the model 1(a) similar to the perturbative
treatment from [9, 10], we may expect an appearance of intermediate plateau in field dependence of
magnetization at least in the case of the weak interaction between unit cells(J3<<J2).

In order to get more information about the lowest energy states of the above spin ladder models
2(a) and 2(b), we performed numerical calculations of the exact energy spectra of finite ladder clusters
formed by 8 site spins (two unit cells for model 2(a)) at some values of model parameters. For this
purpose we used basis of spin configurations (3) having the form of direct products of eigenfunctions

7
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of the site spins. It can be easily shown, that these functions are the eigenfunctions of the operator of
z-projection of the ladder total spin M:

(3)

where N is a total number of site spins; multiindex {s, m} enumerates all possible combinations of site

quantum numbers  (sk,  mk). Ω(sk,  mk) is  the  eigenfunction  of  the  site  spin  operator   with  the

specified values of spin s and its z-projection m. 
For example:

where for site spin s=1/2 1/ 2z
k S , 1/ 2Z

k   S .
The exact diagonalization study was performed for all fixed values of quantum number M sepa-

rately. Due to the scalar character of the ladder Hamiltonians, the comparison of the energy levels for
each subspace with specified value of M permits us to obtain the lowest energy levels with fixed value
of total spin S.  We also used the result of our analytical consideration of the three-spin clusters (Fig.1)
for testing of the above numerical scheme.

Some results of the exact diagonalization study of the ladder clusters for model 2(a) with J1=J2=1
are presented on Table 1. 

Table 1. The lowest energies of the 8-spin clusters of the ladder models 2(a).
S=0 S=1 S=2 S=3 S=4

J3=1 -5.385 -5.959 -5.854 -5.664 -4.681
J3=0.5 -4.889 -5.238 -5.130 -4.943 -3.911
J3=0.1 -4.781 -4.856 -4.753 -4.617 -3.491

According this study  the ground state of the cluster  2(a)  corresponds to the total  spin  S=1 in
agreement  with  the  extended  Lieb  theorem. Let  Emin(1)  and  Emin(0)  are  the  corresponding  exact
energies of the triplet ground state and lowest singlet excited state. Similar to [9, 10], we can suppose
that  these  two  lowest  energy  states  can  be  described  by  the  following  effective  spin  s=1/2
Hamiltonian:

(4)

where ε0 is the ground state energy of the 4-spin unit cell. The parameters Jeff and R can be
estimated from the obvious system of linear equations

(5)

In the result, we obtain: 

   1  0  0eff min minJ E E   ,     03 1  0 8 /( ) 4min minR E E    (6)

The results of the corresponding exact diagonalization study for 8 –spin cluster of the ladder model
2(b) at J1=J2=1 are presented below on Table 2.

According to these results,  Jeff  =  Emin(1) -  Emin(0) > 0, which is in accordance with the extended
Lieb theorem. Similar to the above analysis it can be shown that the lowest part of the energy spec -
trum of ladder model 2(b) can be described by the effective spin s=1/2 Hamiltonian of the form (6)
with antiferromagnetic coupling. 

This means that the mixed spin ladder model 2(a) and 2(b) should have gapless energy spectrum in
the thermodynamic limit  and different types of the ground states with S=L and S=0, respec-
tively. 

8
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Table 2. The lowest energies of the 8-spin clusters of the ladder models 2(b)
S=0 S=1 S=2 S=3 S=4

J3=1 -5.986 -5.938 -5.833 -5.645 -4.640
J3=0.5 -5.259 -5.211 -5.106 -4.925 -3.873
J3=0.1 -4.867 -4.836 -4.742 -4.609 -3.478

It is of interest, that the ground state energy of the triplet cluster (ladder 2(a)) is bigger than the
ground state energy of singlet cluster (ladder 2(b)) at all the values of parameter J3 studied. This result
may be treated as a bigger chemical stability of the singlet ladder cluster in comparison with isomeric
triplet cluster of our mixed spin ladder. Moreover we can estimate relative stability of the infinite spin
ladder systems 2(a) and 2(b) using formulas (5) and (6). For this purpose let us estimate the difference

in  the  corresponding  ground  state  energies   and   per  4-spin  structural  unit.  After  simple

manipulation we have:

(7)

where  are the lowest triplet and singlet energies of 8-spin clusters of the

spin ladders 2(a) and 2(b), respectively. These energies are presented in Table1 and Table2. In the
result, for example, for J1=J2=J3=1 ΔE~0.0123>0. This means that for this set of coupling parameters
the infinite spin ladder (2b) is more stable than the isomeric ladder structure (2a).

We also  used  exact  diagonalization  approach for  the  study of  low-temperature  magnetization
profiles of 8- spin clusters of the ladder models 2(a) and 2(b). For this purpose we used simplified
version of the models with equal  g-factors for each type of site-spins. In the result, for each energy
state of the ladder, the projection of total spin on the direction of the external magnetic field is a good
quantum number. Therefore, external magnetic field change the energy of the state with specified
value of z-projection of total spin M by the quantity ΔE=-hM, where h is a strength of magnetic field
in energy units. Using standard Boltzmann distribution we have the following expression for ladder
magnetization per 4-spin structural unit:

(8)

where kB –is a Boltzmann constant.
The results of this numerical simulation for model 2(a) are presented below (Fig.3). 

Figure 3. Field dependence of magnetization per 4 spin unit cell m of the cluster 2(a) at J1=J2=1, kBT=0.02. 

According to  these calculations  the  low temperature  magnetization profile  of  8-spin cluster  of
model 2(a) has intermediate magnetization plateau at m=1.5. The appearance of this plateau can be ex-
plained by relatively big energy gap between states with S=3 and lowest state with S=4. The size of
this plateau is increased with the decrease of the interaction between unit cells (coupling constant J3).
We have also small peculiarity in behavior of the magnetization profile near the point  m=0.5 which
can be explained by the triplet ground state of the ladder cluster studied. 

9
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Finally, in the result of our approximate analytical consideration and numerical simulation we may
suppose that the ladder model 2(a) has intermediate plateau in low-temperature magnetization profile
at arbitrary values of coupling parameter J3 from the interval (0, J2).

The results of similar numerical study of magnetization profile of the ladder cluster of the model
2(b) are presented below on Fig.4.

Figure 4. Field dependence of magnetization m per 4 spin structural unit of the cluster 2(b) at J1= J2=1, kBT=0.1.

According  to  this  simulation,  the  magnetization  profile  of  the  ladder  cluster  2(b)  has  also
intermediate magnetization plateau at m=1.5. In contrast to the cluster 2(a) there are not magnetization
peculiarities at m=0.5. On the other side, according to our two block cluster expansion analyses, the
initial part of the low-temperature magnetization profile of infinite ladder model 2(b) should be close
to the magnetization profile of  antiferromagnetic Heisenberg spin-1/2 chain without magnetization
plateau. 

Conclusions

The exact diagonalization study of the energy spectra and low –temperature magnetic properties of
the two isomeric  mixed tree-spin ladder  models  of  polyacene topology was performed for  8-spin
lattice clusters. On the base of this study we derived simple two block cluster expansion technique and
showed that that the ladder model with the singlet ground state is more stable than its isomeric analog
with the macroscopic ground state spin. We also found the presence of an intermediate plateaus in the
low temperature magnetization profiles of the above spin ladder models.
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Робота  присвячена  теоретичному  дослідженню  енергетичного  спектру  та  низькотемпературних
магнітних властивостей декорованої спін-сходової моделі з поліаценовою топологією та трьома типами
вузлових  спінів.  На  основі  методу  кластерного  розширення  проведено  наближену  аналітичну  обробку
нижньої частини енергетичних спектрів двох ізомерних сходових структур. Показано, що сходова модель із
синглетним основним станом більш стабільна, ніж її ізомерний аналог із макроскопічним спіном основного
стану.  Крім  того,  методом точної  діагоналізації  проведено  чисельне  дослідження  польової  залежності
низькотемпературної  намагніченості  8-спінових  кластерів  обох  сходових  моделей.  На  основі  цих
результатів  було показано наявність проміжного плато в низькотемпературному профілі  намагніченості
наведених вище моделей спінових сходів.

Ключові слова: змішана спінова сходова модель, проміжне плато намагніченості.
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The article discusses a set of internal validation parameters that are (or can be) used to describe the quality of
regression models in quantitative structure-activity relationship problems. Among these parameters there are
well known determination coefficient, root mean square deviation, mean absolute error, etc. Also the indices
based at Kullback-Leibler divergence as a measure of distance between two sets have been investigated. All
the  parameters  (indices)  were  calculated  for  several  regression  models  which  describe  boiling  point  of
saturated  hydrocarbons  (alkanes).  Regression  models  include  a  four-component  additive  scheme  and
equations describing the property as a function of topological indices. The two types of regressions based on
these indices are linear dependencies on only one topological index and linear dependencies on topological
index and the number of carbon atoms in the hydrocarbon. Various linear regression equations have been
described  with  internal  validation  parameters  that  evaluate  the  quality  of  the  equations  from  different
perspectives. It is shown that a wide set of test parameters is not only an additional yet alternative description of
regression models, but also provides the most complete description of the predictive characteristics and quality
of the obtained regression model.

Keywords:  Quantitative  Structure-Activity  Relationships  (QSAR), regression  models,  internal  validation,
topological descriptors

Introduction

It is easier to calculate a regression equation than to prove its predictive ability. This sentence is es-
pecially true for QSAR (Quantitative Structure-Activity Relationships) linear regression models. Ne-
cessity of proper investigation of obtained equations has been recognized during the last years. It has
been demonstrated  that  poorly  validated  regression  equations  can  be  misleading  when evaluating
molecular activity/property. Several important articles discuss typical situations and difficulties in de-
scription of the predictive ability of regression models. The provocative titles of the articles – “The
importance of being earnest1…” [1] “Beware of q2!” [2], “Beware of R2….” [3] call for attention to
this problem. In the presented paper, we consider the problem of validating of QSAR regression equa-
tions from a somewhat specific point of view.

First of all, we note that, for common practice, QSAR studies involve dividing the primary data
into two data sets. These sets are the  training set that is used to generate the corresponding QSAR
model, and the test set is the data for validation of the resulting models (equations). The parameters
characterizing the description of the training set by the obtained equations are considered as internal
validation, while the parameters characterizing the quality of the description of the test set are external
validation. In recent years, significant attention has been paid to external validation, which can be con -
sidered as a model for the practical use of the obtained equations. Regarding the content of external
validation, several important issues should be noted. The primary set must be divided in a certain ratio
between the training and test sets. What is this ratio? How to specify the separation of systems (points)
between two sets? How to prove the correctness of the division? And, in the end, will such a division
lead to a decrease in the predictive ability of equations due to a decrease in the size of the training
sample? So we see that external validation leads to additional questions for which there are no general
answers yet (see, however, the article and references therein discussing this problem [4-6]).  Hence

1 The quote from the famous play by Oscar Wilde emphasizes the main idea of the authors of the article – "first, 
validate, and then explore".
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such a procedure is not computationally well defined. In contrast to external validation, the internal
validation does not need dividing the input data into two subsets.

Without denying the necessity for an external validation procedure, in the present paper we propose
to take a closer look at the internal validation (goodness-of-fit) of QSAR regression. Usually the re -
stricted set of parameters used for the internal validation. Among these, the most important are the de -
termination coefficient (R2) and the standard deviation (root mean square deviation, RMSD). Such pa-
rameters cannot be considered as those that give a complete description of the training sample and the
corresponding regression equation.  Also these parameters usually demonstrate a low sensitivity to
variation of the model. An extremal example is the classic Anscombe paper, where the very different
data unexpectedly fit the same equation, with the same R2 and the same RMSD [7,8].

In this paper, we analyze a wide set of known internal validation parameters and a few new param-
eters that we have proposed. As an example we describe boiling points (BP, Cº) of saturated hydrocar -
bons  (alkanes).  QSAR-models  of  these  properties  include  additive  scheme  and  graph  theory  ap-
proaches based on known topological indices. It should be noted that the interest to topological indices
has been stable for a long time up to the present day. For instance, in the paper [9], new graph theory
model for description of boiling points of alkanes is discussed. Also graph theory approaches currently
used for description of anti-cancer activity [10] and even for description of potential anti-COVID-19
substances [11,12].

All the calculations were performed by using Python3 script language. RDKit package was used
for manipulations with chemical structures and calculations of molecular descriptors. [13] The experi -
mental data for BP of the alkanes were obtained from [14]. When information about the physicochem-
ical properties of alkanes includes several values, we used the average values. In total, the training set
contains information on 39 different saturated hydrocarbons with 1 to 9 carbon atoms.

Linear regression models and internal validation parameters

For the physical-chemistry property of alkanes we consider three types of linear regression models.
The first one is correspond to simple additive scheme.

(1)

Where Y is the dependent variable – the physicochemical property of alkanes is a function of four
parameters (n1, n2, n3, n4) that describe the molecular structure. The partial values (increments) x1, x2,
x3, x4 are contributions from elements of the molecular structure (Table 1).

Table 1. Parametrization of additive scheme for alkane molecules

Fragment
Number of

Fragments in the molecule
Increments

Also  we  consider  two regression  models  based  on  graph  theory.  The  topological  indices
 (see Table 2) were used in the calculations as the molecular

descriptors.  For  a  detailed  descriptions  of  the  indexes  presented  in  the  Table 2,  see  for  example
[15,16].

The first graph theory based model is single-parameter equations:
(2)

where X is the descriptor from Table 2. The second equation includes descriptor X and the number of
carbon atoms (NC) in the hydrocarbon:
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(3)

The regression coefficients (a0,  a1,  a2) as well as partial values for additive scheme (x1, x2, x3, x4)
were obtained using the Ordinary Least Squares (OLS) method (see for example [17]).
Table 2. Topological indices used in the present article (vi– order of vertex i, (i, j) are pairs of con-
nected by edges carbon atoms)

№ Topological Index Definition

1 First order Randich index

2 First Zagreb index

3 Second Zagreb index

4 Third Zagreb index (so called “forgotten index”)

5
First order informational content. nk- number of vertices

with definite v, 

6
Informational index of distances in graph. rk– number
of routs with topological distances equal to k, 

The residuals between given (experimental) values Y and those obtained by using regression equa-
tions (1-3)  for training set ( ) are calculated as follow:

(4)

Also, the correspondence between the calculated and given values of the variable Y is usually de-
scribed as a linear form which can be presented by two equivalent, but not identical, equations:

(5)

(6)
Of course, for the absolute (or “ideal”) correspondence between Y and Ycalc values, one can write

( , ):

 and (7)
However, for the typical (realistic) situation of QSAR investigations, for the equation (5) one can

write
(8)

Where R is Pearson correlation coefficient,   is mean value, and n is size of sample.

Further, according to known expression  [18] for the eq. (6) we always have absolute corre-

spondence in the sense of least square method ( , ).

(9)

However, note that both equations (8) and (9) must be interpreted in the spirit of OLS and, of course,
have the same coefficient of determination, R2. A discussion of these issues can be found in [18, 19].

Hence, in the general case, the deviation of Ycalc from Y can be expressed in the following most for-
mal way

( , )calcF Y Y  . (10)
Where the parameter η describes the quality of approximation for the selected regression model. Gen-
erally speaking, expression (10) implies the use of different metrics F.

The set of  – parameters calculated for the presented regression models based at (1-3) is presented
in Table 3. 
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Table 3. Internal Validation parameters
№ Parameter Description Best equation

1
Root Mean Square Deviation,
RMSD

2
Determination Coefficient,
R2. For the LOO procedure
designated as Q2

3
Mean Absolute Error,
MAE

4
Asymmetry of residuals,
Asymm

5
Relative error of worst point,
WPt

6

Kullback-Leibler divergence
between Y and Ycalc

distributions, 
, 

7
Inhomogeneity of Residuals,
IhR

8
Angle between ideal (7) and
obtained lines (5, 8), Δφ

Here one can see several standard parameters. Among them the RMSD (p is number of regression
coefficients) and determination coefficient – R2. We have also included a parameter based at absolute
values of error (MAE). The advantages and disadvantages of parameters based at absolute values of er-
ror are discussed in details in [20-22]. Also we found a few simple parameters to be useful. Asymm is a
measure of the under- or overestimation of the dependent variable Y. The parameters  WPt is simple
values that estimate the spread of the residual vector or can be treated as relative outlier of point.

We are using also parameters based at Kullback-Leibler informational theory [23-24]. The Kull-
back-Leibler divergence , also known as the relative entropy, in specific way describes how

Z distribution differ from actual distribution Y. There are several interpretations of . One of

them is designated as “informational lost” when Z used instead of Y (or Z approximates Y). The main
properties of DKL are:  , and  . We use two indices

based  at  Kullback-Leibler  divergence.  The  first  one  is  to  describe  divergence  of  Y from  Ycalc

, and the second – to describe inhomogeneity of the residuals IhR (see Table 3). As an ex-

ample of the use of the Kullback-Leibler informational theory in chemistry see [25].
And also we are calculating the angle (Δφ) between “ideal line” (7) and line that is result of the

regression analysis (8). All the above mentioned parameters were calculated in two variants. The first
one corresponds to the calculation of regression parameters for the full sample, and the second to the
leave-one-out cross-validation procedure (LOO) [26-29].

Results of calculations and discussion

As a result of the OLS regression calculation for the additive scheme (Eq. 1, Table 1), the corre -
sponding plot of the “theory-experiment” relationship is presented in Fig. 1. The red line is corre-
sponding to “ideal” dependence (7).  Here one can see, that dependence of  Ycalc from experimental
value Y = Yexperim, designated as green circle, too far from “ideal” dependence for additive scheme.
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Among the results obtained with the simple one-parameteric equation (2), much better solutions
can be found. Especially the equation with Randich index (χ(1)) demonstrated the best result.

. (11)

Figure 1. Dependence “theory-experiment” according to the additive scheme. 

The internal validation parameters of the linear regressions obtained using the additive approach and
those that follow eq. 2 are collected in Table 4. According to the obtained data, the equation based at
χ(1) is the best equation for all the parameters presented. Nevertheless, the choice of the following
equations (in quality) depends on the chosen validation parameter. According to R2 (and Q2, MAE,
Δφ) the next best equation is function from ZM1. The worst result was demonstrated by the ZM3 index
(  and а poor correspondence to the distribution of experimental data )

with abnormal sensitivity to selected groups of molecules even compared to  InfD. For the  InfD the
value  is significantly better than for the ZM3 . It is also inter-

esting that the average inhomogeneity of the residuals (IhR) is quite small for all indices (equations),
even though there are large differences in WPt (relative outliers). However, IhR and LOO IhR for the
additive scheme is noticeably greater than for all other regressions. Significant values of Δφ and LOO
Δφ for additive approach are indicators of large difference between “ideal line” and actual.

For the two-parametric equations (3), which also include the number of carbon atoms in the mole-
cule, the pictures are more optimistic. The quality of the equations in terms of validation parameters is
much better (Fig. 3 and Table 5). Formally the best equation is:

. (12)

A B
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C D

E F
Figure 2. The QSAR estimations according to eq. 2 versus experimental data.

The equation is characterized by a large value of R2
,  a smaller value of  and values of the

other indices except inhomogeneity parameters IhR and LOO IhR. The IhR and LOO IhR values for
InfD are only slightly worse than the corresponding values for other equations based on topological in-
dices. The parameter WPt, characterizing the maximal relative outlier for (12), is much smaller than
for the other equations. However, it can be noted visually that the best equation (12) is characterized
by typical “steps” on the graph of the “calculation-experiment” dependence (Fig. 3, F). This indicates
poor recognizability of some groups of molecules by regression model. This is in spite of high values
of R2

, and low values of .

Table 4. The internal validation parameters for additive scheme (1) and regression equations (2). 

additive χ(1) ZM1 ZM2 ZM3 IC1 InfD

RMSD 41.2 8.7 26.2 29.7 43.1 40.0 33.0
LOO RMSD 61.1 9.8 29.2 33.1 47.0 43.5 36.7

R2 0.5885 0.9808 0.8245 0.7740 0.5265 0.5914 0.7216
Q2 = LOO R2 0.0946 0.9754 0.7827 0.7201 0.4369 0.5169 0.6562

MAE 20.8 7.0 19.8 21.2 32.9 28.2 26.2
LOO MAE 26.1 7.6 21.3 22.9 35.1 30.1 28.4

Asymm -0.93 10-14 10-14 10-13 10-15 10-14 10-14

LOO Asymm -12.9 -0.03 -0.7 -0.9 -1.20 -0.7 0.6
WPt 80.2 9.3 27.9 20.1 14.5 88.7 147.4

LOO WPt 87.3 10.0 30.6 22.0 15.7 91.6 151.1
DKL(Y || Ycalc) 0.5074 0.0454 0.1912 0.2539 0.5624 0.3622 0.1445

LOO DKL(Y || Ypred) 0.4042 0.0650 0.2445 0.3244 0.8227 0.4575 0.1314
IhR 1.17 0.48 0.64 0.79 0.55 0.70 0.55

LOO IhR 1.34 0.52 0.67 0.81 0.57 0.72 0.59
Δφ -23.1 -0.6 -5.5 -7.3 -17.2 -14.4 -9.2

LOO Δφ -36.2 -1.1 -6.8 -8.6 -19.3 -17.3 -8.7
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A B

C D

E F
Figure 3. Data from QSAR regression (eq. 3) vs experimental data.

A similar by quality equation 

. (13)
is visually free of this drawback (Fig. 3, A), but appears to have noticeable differences between estimated
 and theoretical distributions of the dependent variable (  and  ).
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Table 5. Internal validation parameters for regression equations (3)

χ(1) ZM1 ZM2 ZM3 IC1 InfD

RMSD 7.9 9.2 9.4 9.6 11.0 7.2
LOO RMSD 10.1 11.4 11.6 11.8 13.3 11.0

R2 0.9845 0.9791 0.9781 0.9772 0.9701 0.9871
Q2=LOO R2 0.9747 0.9679 0.9668 0.9656 0.9554 0.9698

MAE 6.1 6.7 7.0 6.9 7.3 4.7
LOO MAE 7.0 7.5 7.8 7.7 8.3 5.8

Asymm 10-12 10-12 10-13 10-13 10-13 10-13

LOO Asymm -0.39 -0.29 -0.28 -0.28 -0.25 0.011
WPt 17 22.2 23.5 24 24.3 2.4

LOO WPt 18.8 24.4 25.8 26.2 27.0 2.9
DKL(Y || Ycalc) 0.0301 0.0299 0.0263 0.0310 0.0343 0.004

LOO DKL(Y || Ypred) 0.0531 0.0491 0.0461 0.0505 0.0555 0.004
IhR 0.52 0.51 0.59 0.46 0.83 0.98

LOO IhR 0.59 0.56 0.64 0.51 0.88 1.17
Δφ -0.45 -0.61 -0.63 -0.66 -0.87 -0.37

LOO Δφ -1.26 -1.29 -1.38 -1.33 -1.63 -0.47

Conclusion

To date, work on QSAR regression equation testing problems has shifted significantly toward ex-
ternal validation. However, the multitude of internal validation parameters is a useful tool for multilat -
eral analysis of the resulting regression equations. In this paper, we have examined several internal
validation parameters that are different in nature. It has been shown that such parameters can comple-
ment each other. In particular, parameters based on the Kullback-Leibler informational theory (indices

 and IhR) describe the correspondence of theoretical, based on the regression model, and

experimental data, from a different perspective than the determination coefficient and other known pa-
rameters. Assessing the results of calculations, also it should be noted that the standard set of parame-
ters is still not sufficient to identify the presence of “steps” in the “calculation-experiment” graph.
Their influence on the quality of approximation still awaits quantitative assessment. At the same time,
visual analysis of the “theory-experiment” graph remains important.

Note also that there is obviously no universal solution in choosing the best (accurate) regression
model to describe the properties of the system in a situation where there is a large scatter in the initial
data. In this case, it is difficult to avoid a wide range of parameters (standard deviation, coefficient of
determination, etc.) when estimating multiple models.
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INTERNAL VALIDATION PARAMETERS OF LINEAR REGRESSION EQUATIONS IN QSAR
PROBLEM

І. В. Христенко, В. В. Іванов. Параметри внутрішньої валідації рівнянь лінійної регресії в проблемі QSAR.

Харківський національний університет імені В. Н. Каразіна, майдан Свободи 4, Харків, 61022, Україна

У статті обговорюється набір внутрішніх параметрів валідації, які використовуються (або можуть бути
використані) для опису якості регресійних моделей у задачах QSAR. Серед цих параметрів добре відомі
коефіцієнт детермінації, залишкове середнє квадратичне відхилення, середня абсолютна похибка тощо.
Також були досліджені індекси, засновані на дивергенції Кульбака-Лейблера як міри відстані між двома
множинами. Всі параметри (індекси) були розраховані для декількох регресійних моделей, які описують
температуру кипіння насичених вуглеводнів (алканів). Регресійні моделі включають чотирьохкомпонентну
адитивну схему та рівняння, що описують температуру кипіння як функцію топологічних індексів. Два типи
регресій на основі цих індексів - лінійні залежності тільки від одного топологічного індексу та лінійні залеж-
ності від кількості атомів вуглецю у вуглеводневій речовині та топологічного індексу. 

Описано різні лінійні рівняння регресії з внутрішніми валідаційними параметрами, які оцінюють якість
рівнянь з різних точок зору. Показано, що широкий набір тестових параметрів є не тільки додатковим, чи
альтернативним  описом  регресійних  моделей,  а  й  забезпечує  більш  повніший  опис  прогностичних
характеристик та якості отриманої регресійної моделі.

Ключові  слова:  Кількісне  співвідношення  структура-властивість  (QSAR), регресійні  моделі,
внутрішня валідація, топологічні дескриптори.
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This paper presents results of quantum-chemical study of proton exchange equilibrium between acetone (AC)
and dimethyl sulfoxide (DMSO). Basing on the previous study of acid-base equilibria in AC with small additives
of DMSO, the most probable composition of the lyonium ion is taken as H(DMSO)2

+. The equilibrium geometries
and energies of solvents molecules and all possible combinations of proton complexes with one or two solvent
molecules were calculated in DFT level of theory using B3LYP functional and 6-31G++(d,p) basis set. The
energies  of  solvated  proton  complexes  were  then  calculated  using  PCM  method.  The  energy  change
corresponding to the equilibrium H(AС)2

+ + 2 DMSO ⇄ H(DMSO)2
+ + 2 AС is –63.1 kJ mol–1 in the gas phase,

which is in qualitative agreement with the standard Gibbs energy data,  obtained experimentally in the gas
phase by Kebarle’s group,–77.6 kJ mol–1, and with ΔGo

298 = –49.3 kJ mol–1 for AC solution with small additions
of DMSO, determined by the Guss and Kolthoff method.

Keywords: proton  solvation;  acetone;  dimethyl  sulfoxide;  quantum-chemical  study;  energy  of  proton
exchange.

Introduction

This paper is devoted to the competition for proton between the molecules acetone and dimethyl sulfoxide
(DMSO) using quantum-chemical calculations. The higher basicity of DMSO as compared with acetone is of
common knowledge, see Table 1. 

In addition to the numerical  parameters gathered in Table 1, basing on experimental  data, we decided to
theoretically examine the proton exchange between these two solvents. Also, the same exchange equilibrium was
estimated using our earlier published experimental results. 

Table 1. Solvent descriptors characterizing the solvent basicity  

Parameter Acetone DMSO
DNN 0.44 0.77

β 0.48 0.76

B 224 362

Bp 12.6 13.3

PA 831 897

Note. The data are taken from ref. [1]. DNN is the normalized Gutmann’s donor number; β is the solvatochromic
Kamlet–Taft parameter; B is the Koppel–Palm parameter; Bp is the “polar basicity” according to Fawcett [2]; PA
is the proton affinity, kJ mol–1. 

More than ten years ago, we studied the acid-base and related equilibria in acetone (AC)  containing
small additives of DMSO [3, 4]. It was demonstrated that the likely composition of the lyonium ion is
H(DMSO)2

+. In other words, the primary solvation shell can be represented in following manner: 

- - - - - -S O
H3C

H3C
SO

CH3

CH3

H

+

or, more strictly: 
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(In this paper, we avoid discussing the likelihood of symmetric hydrogen bonds occurring.)
This was deduced from the dependence of the pKa of picric acid on the DMSO content in the binary

acetone – DMSO solvent and confirmed by the proximity of the limiting molar conductivities, Λ0,  at
25 oC of picric acid and tetraethylammonium picrate in acetone containing 5 mole % DMSO, a solvent
with relative permittivity εr = 22.19. These values are 162.0±1.2 and 180.3±1.7 S mol–1 cm2, respec-
tively [3, 4]. 

At the same time, the linear size of the ion H(DMSO)2
+, estimated as the distance between the most

remote hydrogen atoms (Fig. 1a), is 900 pm.  Crystallographic and various other experimental data
available in the literature, as well as estimates using van der Waals radii of atoms, suggest that the
diameter of the “pseudospherical” N(C2H5)4

+ ion, which belongs to the “weakly solvated” category, is
in  the  range  from 674  to  800  pm [3,  4]. This  amounts  to  (75–89)  % of  the  linear  size  of  the
H(DMSO)2

+ ion, which indicates the consistency of the proposed proton solvation model. In any case,
the existence of the lyonium ion in the form of H(DMSO)+ would be more difficult to reconcile with
its lower mobility compared to the N(C2H5)4

+ ion.  As a result, we consider  H(DMSO)2
+  as  the most

probable composition of the lyonium ion. 

Fig. 1. Geometries of complexes a) H(DMSO)2
+; b) H(AC)2

+ and c) H(AC,DMSO)+ from the quantum chemical
calculations 

In pure DMSO, this composition is preferred on the basis of data from IR spectroscopy [5, 6]. 
The geometric and energy parameters of proton complexes with acetone and DMSO molecules

were  also  estimated  using  quantum  chemical  calculations.  All  calculations  were  provided  using
Gaussian 09 program set [7]. The geometries of individual solvent molecules, as well as complexes of
a proton with one or two solvent molecules in vacuum (Fig. 1) were optimized using DFT (density
functional theory) method with the B3LYP hybrid functional and 6-31G++(d,p) basis set. Additional
keywords opt=tight and int=ultrafine were used to ensure accuracy of optimization procedure. The
vibrational  frequencies were also calculated and imaginary vibration frequencies were absent.  The
energies of these solvate complexes in acetone were then calculated using the polarized continuum
model (PCM).  Zero-point  energy and thermal  correction to 298 K were taken into account  when
calculating the energies. 

According to our calculations, the O – O distance in the H(DMSO)2
+  ion is 2.405 Ǻ, which is in

good agreement with the value of 2.403 Ǻ calculated by Denisov et al. [8] at B3LYP/6-31G(d,p) level.
The transformation of structure 1a into structure 1b requires a cost of 20.9 kJ mol –1. The greater

basicity of the DMSO molecule is also clearly demonstrated by the bond lengths between the proton
and oxygen atoms in two different structures. This result is very instructive, and a similar approach
can be applied to other systems. 
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Energy changes corresponding to proton exchange between various proton solvates in acetone were
also calculated:

H(AС)2
+ + 2 DMSO ⇄ H(DMSO)2

+ + 2 AС; ΔE2 – 2  =  – 63.1 kJ mol–1, (1)
H(AС)+ + DMSO ⇄ H(DMSO)+ + AС; ΔE1 – 1  =  – 57.5 kJ mol–1. (2)

The significantly higher basicity of DMSO compared to AC is also confirmed by the experimental
data of the Kebarle group [9] on the values of the standard Gibbs energies of the indicated proton ex -
change reactions in the gas phase:  (1) = – 77.6 kJ mol–1 and (2) = – 64.8 kJ mol–1. 

In addition, the proton exchange between acetone and DMSO in acetone solution can be examined
using the approach developed by Guss and Kolthoff [10]. If only one solvate complex can be taken
into account and ruling out the possibility of mixed proton solvates, such as H(AC, DMSO)+, the fol-
lowing equilibria can be derived: 

H(AC)m
+ + nDMSO ⇄ H(DMSO)n

+ + mAC;   (3)

In this case, according to Guss and Kolthoff, the following equation is valid: 

(4)

Using the experimental pKa values of picric acid in acetone – DMSO mixtures with molar fraction
of DMSO from 0.005 to 0.06 [3, 4], taking pKa

AC = 9.2 from the work by Foltin and Majer [11], and
equating  n and  m to  2,  we  obtained  a  value  Kr(2-2) = (4.3±0.8)×108.  Accordingly,

(1) = – = –49.3 kJ mol–1, which is in qualitative agreement with the results

of quantum chemical calculations for the gas phase. 
Similar calculations can be carried out for the case n = 2, m = 1 (Kr(1-2)), etc. However, as quantum

chemical calculations show, the addition of a second DMSO molecule to H(DMSO)+ and a second AC
molecule  to  H(AC)+ in  acetone  is  accompanied  by  such  significant  energy  gains  (60.26  and
54.68 kJ·mol–1,  respectively),  that  it  is  quite  justified  to  take  into  account  only  the  solvates
H(DMSO)2

+ and H(AC)2
+. A solvate of composition H(AC, DMSO)+ is possible only in the case of

DMSO deficiency, but under the conditions of our experiment, the proton concentration is 3–4 orders
of magnitude lower than the DMSO concentration. 

Thus, we have proven that in acetone with DMSO additives, the lyonium ion exists mainly in the
form of H(DMSO)2

+, and that the proton exchange constant between the two solvents is very high and
amounts to over 108. Both theoretical and experimental data give new convincing support to the more
strong basic properties of DMSO as compared with acetone. 

Acknowledgements

This study was partially supported by the Ministry of Education and Science of Ukraine via grant
number 0122U001485 and by the Simons Foundation (USA) via grant number 1030292. 

References

1. Reichardt C., Welton T. Solvents and Solvent Effects in Organic Chemistry. Wiley-VCH; Wein-
heim, 2011. 

2. Fawsett W.R. Acidity and basicity scales for polar solvents. J. Phys. Chem., 1993, 97 (37), 9540-
9546. https://doi.org/10.1021/j100139a045

3. Lebed A.V., Mchedlov-Petrossyan N.O., Filatov D.Yu., Goga S.T. Acid-base equilibrium in a mix-
ture of protophobic and protophilic polar non-hydrogen bond donor solvents: Stoichiometry of
proton solvation by dimethyl sulfoxide in acetone. Proc. Nat. Acad. Sci. Ukraine. 2008, no. 9, 121-
125. http://dspace.nbuv.gov.ua/handle/123456789/5919

4. Mchedlov-Petrossyan N.O., Filatov D.Yu., Goga S.T., Lebed A.V. Ionic equilibrium in mixtures of
protophobic and protophilic polar non-hydrogen bond donor solvents: Acids, salts, and indicators
in  acetone  containing  5  mol %  DMSO.  J.  Phys.  Org.  Chem., 2010,  23(5),  418-430.  https://
doi.org/10.1002/poc.1616  

24

https://doi.org/10.1002/poc.1616
https://doi.org/10.1002/poc.1616
http://dspace.nbuv.gov.ua/handle/123456789/5919
https://doi.org/10.1021/j100139a045


PROTON SOLVATION: COMPETITION BETWEEN ACETONE AND DIMETHYL SULFOXIDE

5. Williams J.M., Kreevoy M. Structure and infrared spectrum of the solvated proton in dimethyl sul-
foxide. J. Am. Chem. Soc. 1967, 89(21), 5499-5501. https://doi.org/10.1021/ja00997a062

6. Kampschulte-Scheuing I., Zundel G. Tunnel effect, infrared continuum, and solvate structure in
aqueous and anhydrous acid solutions.  J. Phys. Chem., 1970,  74(11), 2363-2368.  https://doi.org/
10.1021/j100705a021

7. Gaussian 09, Revision A.02, M. J. Frisch, G. W. Trucks, H. B. Schlegel, G. E. Scuseria, M. A.
Robb, J. R. Cheeseman, G. Scalmani, V. Barone, G. A. Petersson, H. Nakatsuji, X. Li, M. Cari -
cato, A. Marenich, J. Bloino, B. G. Janesko, R. Gomperts, B. Mennucci, H. P. Hratchian, J. V. Or -
tiz, A. F. Izmaylov, J. L. Sonnenberg, D. Williams-Young, F. Ding, F. Lipparini, F. Egidi, J. Go-
ings, B. Peng, A. Petrone, T. Henderson, D. Ranasinghe, V. G. Zakrzewski, J. Gao, N. Rega, G.
Zheng, W. Liang, M. Hada, M. Ehara, K. Toyota, R. Fukuda, J. Hasegawa, M. Ishida, T. Naka-
jima, Y. Honda, O. Kitao, H. Nakai, T. Vreven, K. Throssell, J. A. Montgomery, Jr., J. E. Peralta,
F. Ogliaro, M. Bearpark, J. J. Heyd, E. Brothers, K. N. Kudin, V. N. Staroverov, T. Keith, R.
Kobayashi, J. Normand, K. Raghavachari, A. Rendell, J. C. Burant, S. S. Iyengar, J. Tomasi, M.
Cossi, J. M. Millam, M. Klene, C. Adamo, R. Cammi, J. W. Ochterski, R. L. Martin, K. Mo-
rokuma, O. Farkas, J. B. Foresman, and D. J. Fox, Gaussian, Inc., Wallingford CT, 2010.

8. Denisov G.S., Koll A., Lobadyuk V.I.,  Schreiber V.M.,  Shurukhina A.V.,  Spevak V.N. Hydrogen
bonding in coordination compounds containing homoconjugated bis-dimethylsulfoxide cation. Ab
initio  and IR studies.  J.  Mol.  Struct.,  2002,  605(2-3),  221-226. https://doi.org/10.1016/S0022-
2860(01)00783-9

9. Lau Y.K., Saluja P.P.S., Kebarle P. The proton in dimethyl sulfoxide and acetone. Results from -
phase ion equilibria involving (Me2SO)nH+ and (Me2CO)nH+ . J. Amer. Chem. Soc., 1980, 102(25),
7429-7433. https://doi.org/10.1021/ja00545a004

10.Guss L.S.,  Kolthoff I.M. The distribution of  protons between water and other solvents.  J. Amer.
Сhem. Soc., 1940, 62(6), 1494-1496. https://doi.org/10.1021/ja01863a047 

11.Foltin M., Majer P. Determination of dissociation constant of picric acid and calibration of poten-
tiometric  cell  in  acetone.  Coll.  Czech.  Chem.  Commun.,  1978,  43(1),  95-102.  https://doi.org/
10.1135/cccc19780095 

Received 25.05.2023 Accepted 11.09.2023

О.В.  Лебідь,  Н.О.  Мчедлов-Петросян,  Д.Ю.  Філатов,  С.Т.  Гога.  Сольватація  протона:  конкуренція  між
ацетоном та диметилсульфоксидом. 

Харківський національний університет імені В.Н. Каразіна, хімічний факультет, майдан Свободи, 4, Харків,
61022, Україна

Ця стаття містить результати квантово-хімічного дослідження обміну протоном між ацетоном (AC) та
диметилсульфоксидом (DMSO). Базуючись на попередніх дослідженнях кислотно-основних рівноваг в AC з
малими  домішками  DMSO,  як  найімовірнішим  складом  іону  ліонію  прийнято  H(DMSO)2

+.  Рівноважна
геометрія та енергії  молекул розчинника та усіх можливих комбінацій комплексів протону з однією або
двома молекулами розчинників обчислені на рівні  DFT з використанням функціоналу B3LYP ьа базису 6-
31G++(d,p). Енергії сольватації комплексів протону обчислені за допомогою методу PCM. Зміна енергії, яка
відповідає  рівновазі  H(AС)2

+ +  2  DMSO  ⇄ H(DMSO)2
+ +  2  AС,  складає –  63.1  kJ mol–1 в  газовій фазі.

Значення  цієї  величини  якісно  узгоджуються  зі  значенням  стандартної  енергії  Гіббса,  –  77.6  kJ mol–1,
знайденої для газової фази експериментально групою Кебарле, та значенням ΔGo

298 = –49.3 kJ mol–1  для
розчинів AC з малими домішками DMSO, знайденим методом Гасса і Кольтгофа.  

Ключові слова: сольватація протона; ацетон; диметилсульфоксид; квантово-хімічне дослідження;
енергія обміну протоном.
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ЕТИЧНІ НОРМИ ПУБЛІКАЦІЇ НАУКОВИХ РЕЗУЛЬТАТІВ ТА ЇХ ПОРУШЕННЯ.
Редакційна  колегія  робить  все  можливе  для  дотримання  етичних  норм,  прийнятих  між-
народним науковим товариством, і для запобігання будь-яких порушень цих норм. Така політи-
ка є важливою умовою плідної участі журналу в розвитку цілісної системи знань в галузі хімії
та суміжних галузях. Діяльність редакційної колегії значною мірою спирається на рекомендації
Комітету  з  етики  наукових  публікацій  (Committee of Publication Ethics),  а  також на  цінний
досвід  міжнародних  журналів  та  видавництв.  Подання  статті  на  розгляд  означає,  що  вона
містить отримані авторами нові нетривіальні наукові результати, які раніше не були опублі-
ковані. Кожну статтю рецензують щонайменше два експерти, які мають усі можливості вільно
висловити мотивовані критичні зауваження щодо рівня та ясності представлення матеріалу, йо-
го  відповідності  профілю  журналу,  новизни  та  достовірності  результатів.  Рекомендації  ре-
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