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We study the relationship of the energy spectrum of finite S=1 Heisenberg antiferromagnets with their structure 
in the presence of single-ion anisotropy. We show that in the limit of strong easy-plane anisotropy magnets with 
the structure of adjacency cospectral graphs have equal ground state energies with magnetization M=0. We 
derive  additional  necessary  condition  for  equality  of  lowest  energy levels  with  M=±1.  For  strong easy-axis  
anisotropy we found that bipartite S=1 magnets with structures, for which S=1/2 Ising models have equal spectra 
for  arbitrary  longitudinal  magnetic  field,  have  close  energy  spectra  of  S=1  antiferromagnets  for  arbitrary 
parameter of single-ion anisotropy. For moderate easy-axis anisotropy bipartite S=1 antiferromagnets with equal 
energies of spin waves in linear approximation are also approximately isoenergetic. Overall, this explains the 
remarkable  similarity  of  energy  spectra  in  M=0 subspace  for  S=1  antiferromagnetic  Heisenberg  model  on 
bipartite cospectral regular graphs.
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1. Introduction

Quasi-zero-dimensional  magnetic  complex  compounds  (also  termed  molecular  nanomagnets 
(MNMs)  have  perspective  applications  in  quantum computing  as  qubits  and  qudits  [1,2],  and  in 
molecular  spintronics  [3].  MNMs with high barriers  for  magnetization reversal  (resulting in  slow 
relaxation of  magnetization at  low temperatures)  are considered promising materials  for  magnetic 
cooling [4,5] and are also known as single-molecule magnets (SMMs).

For polynuclear SMMs based on abundant transition metal compounds the interplay of exchange 
interactions  and  magnetic  anisotropy  complicates  the  structural  dependence  of  the  magnetization 
reversal  barrier.  This  factor,  together  with  quantum tunneling  of  magnetization  and  spin-phonon 
relaxation [6], made a systematic increase of barrier U and blocking temperature Tb problematic, and 
eventually major synthetic efforts shifted towards lanthanide-based single-ion magnets [7].

Structure optimization of MNMs for magnetic cooling was discussed, for example, in the work of 
Garlatti  et  al. [8]  for  the particular  case of  S=3/2 SMMs. While later  it  was noted [9] that  such 
optimization should depend on the specific type of magnetic cooling cycle, we would like to stress that  
in [8] only a single type of SMMs was studied. The structure of these SMMs allows to calculate  
exactly  the  energy  spectrum  for  the  isotropic  Heisenberg  model  with  only  a  straightforward 
application of angular momentum addition rules. The more general method to construct Hamiltonians 
maximizing  a  specific  observable  using  automatic  differentiation  and  exact  diagonalization  was 
presented in [10]. Unfortunately, for a large enough system size such direct structural optimization of  
magnetic properties is unfeasible even in the approximation of Heisenberg model, because Hilbert 
space dimension and computational resources necessary to calculate the energy spectrum of this model 
for a single MNM grow exponentially with increase of the number n of magnetic atoms in it.

For spin models, few exact results on structure-property correspondence are known. For example, 
in  [11]  it  was  proved that  correlation functions  of  Heisenberg magnet  with  anisotropic  exchange 
completely determine its structure. Authors of [12] showed that quantum dynamics of magnetization 
always  allows  to  distinguish  non-isomorphic  magnets  with  S=1/2  in  case  of  precise  initial  state 
preparation.  In  contrast,  the  energy  spectrum  (determining  magnetocaloric  efficiency  and 
magnetization reversal barrier U) is not uniquely determined by the structure of a magnet. In [13] for 
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S=1/2 XY model the existence of an infinite number of pairs of non-isomorphic systems with equal 
energy spectra for some fixed magnetization M was proved. In [14] for the case of magnetization 
M=Mmax-2 it was shown that non-isomorphic strongly regular graphs with equal parameters possess 
equal  energy  spectra  of  S=1/2  XY  model.  Importantly,  in  [15]  the  family  of  S=1/2  isotropic 
Heisenberg triangles with completely equal energy spectra was constructed. Earlier one of the authors 
also reported examples of antiferro- and ferrimagnets with equal energies of ground and lower excited 
states of spin-S Heisenberg model in spin wave approximation [16,17].

This motivates further development of approximate structure-property relationships that allow to 
group together MNMs with similar properties. In this work, we study the relation of a magnet structure 
with its low-energy spectrum in the presence of single-ion anisotropy. While in the general metal  
complex the local anisotropy axes can be aligned in arbitrary directions, here we adopt a simplified 
picture of homogeneous single-ion anisotropy with equal strength and axis direction, which results in a 
single parameter D that controls magnetic anisotropy strength. The spin quantum number of magnetic 
ions is taken to be S=1 as the lowest one, which accounts for spin anisotropic effects and still allows 
for the exact computation of the lower part of the energy spectrum of medium-sized MNMs.

We analyzed two limiting cases of strong easy-plane (D>0) and easy-axis (D<0) anisotropy using 
perturbation theory. In the first case (Section 3) the ground state energy with M=0 depends only on the 
spectrum of J matrix, the energies of M=1 excited states depend only on the matrices J and W=2d-J2. 
We  have  found  finite  S=1  antiferromagnets  possessing  equal  moments  of  these  matrices  and 
confirmed that indeed for D>0 they have numerically close lowest parts of energy spectra.

For the case of strong easy-axis anisotropy low-energy spectrum in the first order of perturbation 
theory is determined by S=1/2 Ising model. In Section 4 we demonstrate numerically that a known 
pair of bipartite S=1 antiferromagnets with equal spectra of S=1/2 Ising model (in every subspace with 
fixed M) have remarkably numerically close energy spectra for arbitrary anisotropy parameter D.

Additionally, we used linear spin wave theory to find bipartite isomers of MNMs that have equal 
magnon energies for arbitrary spin quantum number S. Examples of S=1 antiferromagnets with such 
structures are approximately isoenergetic for moderate easy-axis anisotropy ( ).

2. Model, Definitions and Methods

Here we study S=1 antiferromagnetic Heisenberg model with homogeneous single-ion anisotropy 
with Hamiltonian

 (1)

Where Jij ≥ 0 – parameter of magnetic exchange interaction between ions i and j, D – parameter of 
single-ion anisotropy,   – operator of isotropic exchange between magnetic 

ions i and j. Both operators commute with  and thus conserve total magnetization M.

Eigenstates of Han are product states  with local z-projection of spin mi = 0, ±1. We 

will also use short notation  for product states with mj = 0 for all j except i, where .

If  not  stated  otherwise,  we  will  identify  matrix  J of  exchange  parameters  that  has  elements 
(J)ij = Jij, Jii = 0 with adjacency matrix A of undirected unlabeled graph G. We will also refer to matrix 
L =  d –  J as a Laplacian of graph, where diagonal matrix   contains vertex valences  

.  Adjacency cospectral graphs share eigenvalues of adjacency matrices. Graphs with 

equal eigenvalues of Laplacians are also called L-cospectral [18]. In the following we will denote as 
(A, B)-cospectral pairs of graphs which have equal spectra (sets of eigenvalues λ) of two matrices, i.e. 
for i=1, 2, … n λi(A(G1)) = λi(A(G2)) and λi(B(G1)) = λi(B(G2)).

Expressions for effective Hamiltonians and energy values in the main text are presented for case of  
unweighted graphs (where elements of  J matrix equal 0 or 1), expressions for weighted graphs are 
listed in the Appendix.

In this work we use Lanszos exact diagonalization (ED) as implemented in ALPS 2.0 package [19] 
to calculate the energy spectrum of anisotropic Heisenberg model (1).  For the generation of non-
isomorphic graphs we used package nauty [20].  Analysis of structural  dependence of MNM low-
energy  spectra  was  done  using  Brillouin-Wigner  (BW)  perturbation  theory  and  second-order 
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degenerate perturbation theory (PT) with exchange operator  as a perturbation and 1/D as a small 

parameter.  Linear  spin  wave  theory  (LSWT)  is  used  in  its  matrix  formulation  for  bipartite 
antiferromagnets [21,22].

3. Analysis of strong easy-plane anisotropy limit (D > 0)

Large easy-plane anisotropy is typically associated with ferromagnetic Ni complexes (for example 
[23]), but antiferromagnets with  (e.g. one-dimensional chains in [Ni(HF2)(pyz)2]SbF6 [24]) and 

 (zero-dimensional Ni6Cr nanowheels [25]) are also known.

For  D > 0 the unperturbed ground state of  Han  is non-degenerate and has  M=0, first 

excited states  are n times degenerate and have M = ±1. So, in this limit MNMs are not suited 

for magnetic cooling, as zero-field low-temperature magnetic entropy is negligible.
In  the  third  order  of  BWPT  the  expression  for  ground  state  energy  depends  only  on  

:

 (2)

Expression  (2)  depends  only  on  the  number  of  edges  and  triangles  in  a  graph.  Fourth-order 
expression for E0 also depends only on the spectrum of J matrix (see Appendix).

For excited states with M=1 the second order of degenerate perturbation theory gives the following 
effective Hamiltonian in the basis of states :

 (3)

Matrix elements of effective Hamiltonian (3) depend only on the matrices J and W=2d-J2. Equality 
of  spectra  of  effective  Hamiltonians  for  pair  of  graphs  (G1,  G2)  is  achieved  if  

 for m=0, 1, … n [26]. Each moment is a polynomial in 

powers of 1/D,  and equality of spectra for arbitrary  D is achieved only if all coefficients of these 
polynomials are equal. As every such moment contains terms   and  , (J, 

W)-cospectrality is the necessary condition for equality of lowest energy levels with M = ±1.

Figure 1. Left panel: example of (J,  W)-cospectral graphs G1 and G2. Right panel: dependence of excitation 
energies   of  G1 (black)  and  G2 (red)  on  anisotropy  parameter  D,  and  difference

 of ground state energies of G1 and G2 (blue). Solid lines correspond to M=0 states, 

dashed to M=1 states.

Using nauty, we generated all non-isomorphic graphs with n < 11 vertices and found all (J,  W)-
cospectral graph groups (pairs, triples etc). We computed moments of these matrices instead of direct  
calculation of matrix spectra in order to avoid floating-point errors.

Number of found (J, W)-cospectral groups quickly grows with increase of n: for n<9 there are no 
(J, W)-cospectral graphs, for n=9 there are 30 pairs, while for n=10 there are 5172 pairs, 5 triples and 
4 quadruples.

For  graphs  in  these  groups  we  computed  energies  of  the  lowest  10  eigenstates  for  values  of  
anisotropy parameter . Typical example of such pair is shown on Figure 1 (left). Note that 
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energies are visually indistinguishable, so only ground state energy differences ΔE0 = E0(G1) – E0(G2) 
between two MNMs and excitation energies ΔEi = Ei – E0 for individual MNMs are shown. Ground 
state energies of S=1 AFM Heisenberg model on G1 and G2 are numerically close down to D ~ 2.5 J in 
M=0 subspace. For M=1 the numerical equality of ground and excited state energies is achieved for  
much larger D ~ 5, where second order of PT is valid.

4. Analysis of strong easy-axis anisotropy limit (D < 0)

Strong easy-axis anisotropy limit is relevant to multiple Ni-based SMMs [27, 28]. In this limit the  
ground state of Han with M=0 is 2n-times degenerate. In the second order of degenerate perturbation 
theory the effective Hamiltonian acting on this 2n-dimensional subspace is

(4)

where operator   permutes   projections for  atoms  i and  j ( ),   
projects onto subspace with .

This expression can be rewritten using the Dirac identity   
as a Hamiltonian of highly anisotropic S=1/2 XXZ model:

(5)

4.1. Magnets with equal spectra of S=1/2 Ising model
In  the  first  order  of  perturbation  theory  effective  Hamiltonian  (4)  is  simply  proportional  to 

Hamiltonian of S=1/2 Ising model:
(6)

Examples of MNMs with equal spectra of S=1/2 Ising model are known from studies of graph 
polynomials. In [30] it was demonstrated that Tutte polynomial T of underlying graph G is related to 
zero-field partition function Z(β) of S=1/2 Ising model:

(7)

where β=1/kBT is the inverse temperature, kB – Boltzmann constant, , k is the number 

of connected components of graph G. Combinatorial properties of Tutte polynomial are well-known. It 
represents a generalization of chromatic polynomial and can be generated using a recursive deletion-
contraction procedure [29]. 

From (6) we can conclude that finite graphs with equal Tutte polynomials must have equal partition 
functions of S=1/2 Ising model for arbitrary inverse temperatures β and zero external magnetic field, 
and so equal energy spectra. This is not sufficient for equality of spectra of effective Hamiltonian (5),  
because it’s restricted to M=0 subspace, as co-Tutte graphs may have equal energies from subspaces 
with  different  M.  However,  such  M-restricted  polynomials  are  unknown  to  authors.  To  achieve 
spectrum  equality  of  S=1/2  Ising  model  for  the  arbitrary  homogeneous  magnetic  field  along  z-
direction graphs must share U-polynomials [30, theorem 5.2].

We have conducted ED study of known graph pairs with S=1/2 Ising models being isoenergetic for  

arbitrary external z-field. The first example is pair  from [31] (see Fig. 2), for which ground 

state energy differences are not monotonic, but small (< 10-2 J) in the whole investigated interval of D 
parameter values (Fig. 2, right pane, blue line). It is expected from the 1 st order of perturbation theory 
that equality of excited state energies (for example,  E2 and  E5) is achieved only for   (in this 

case  D < -2J), and for larger D the level crossings induce significant energy differences. But the 
remarkable numerical equality of energy spectra for D > 0 is unexpected, as these graphs are not J-
cospectral.  This  suggests  the  existence  of  additional  invariants  of  low-energy  theory,  which  are 
preserved by the  transfer of a single pendant atom (Fig. 2, left, red ellipse). It should be noted that 

graphs   and   are  bipartite.  On  the  contrary,  non-bipartite  pair  of  graphs  with  equal  U-
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polynomials from [32], while being (J, L, H+)-cospectral, have multiple energy crossings and so large 
energy differences for intermediate 

Figure 2. Left panel: pair of graphs from [32] that have S=1/2 Ising model with equal energies in the presence of 
arbitrary magnetic field, oriented along z-axis. Red ellipse indicates location of differing edge. Right panel: de -
pendence on anisotropy parameter D of excitation energies  for  (black) and  (red), and 

difference of ground state energies  (blue) calculated for S=1 AFM Heisenberg model on 

these graphs.

4.2. Application of linear spin wave approximation to bipartite magnets
For bipartite antiferro- and ferrimagnets spin wave theory is a good approximation for the energy  

of ground and lowest excited states. The accuracy of this approach grows with the increase of atomic 
spin quantum number S and system dimensionality. In linear spin wave (LSW) approximation the spin 
Hamiltonian is mapped to the quadratic boson Hamiltonian. Energies  of spin waves can be found 

by solving its equations of motion, which results in a non-symmetric eigenproblem for so-called grand 
canonical matrix [21].

Earlier [16] we calculated  for the isotropic Heisenberg model as eigenvalues of non-symmetric 

matrices H± = S2(d2 – J2 ± [d, J]). Traces  are polynomials of Jij, Si, and can be used as 

structural invariants of LSW spectrum.
For regular graphs [d, J] = 0, magnon energies are simplified to , so the spectrum of 

H+ is determined by eigenvalues  of J, and adjacency cospectral graphs have equal LSW spectra. 

For  D < 0 direct account for  Han results only in the addition of the constant term  to diagonal 

matrix  d.  Moreover,  LSW  approximation  can  be  written  for  effective  Hamiltonian  (4)  in  M=0 
subspace. In this case for unweighted graphs matrix d becomes , and matrix J becomes 

J/D.  In  result,  for  both  cases  the  spectrum  of  H+ of  cospectral  regular  graph  is  determined  by 
eigenvalues of J. This, together with results of Section 3, explains the remarkable similarity of energy 
spectra of cospectral regular graphs in the whole investigated range of parameter D (see Figure 3).

Figure 3. Left panel: pair of J-cospectral cubic graphs   – a pair of S=1 AFMs with equal energies of 

LSW and   approximations. Right panel: dependence of excitation energies and difference of ground 

state energies in M=0 subspace. 
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Discussion

Here we presented a simple method to derive relationships of structure with energy spectrum for 
correlated lattice models:

1. with the help of PT, LSWT or other theories derive matrix functions  from which approximate 

energies of ground state and/or lowest excitations can be calculated,
2. generate non-isomorphic finite graphs G and group them according to moments  

(m=0, 1, … dim(Fi(G))) of matrix functions. 

Importantly, to make computations of all moments practical, the dimensions of matrices   
should scale linearly with system size.

Using this approach we have found novel approximately isoenergetic isomers of S=1 Heisenberg 
model.  While  approximately  isoenergetic  isomers  can be  also  constructed using energy gradient  

 (such that ), this method requires computation of exact 

correlation functions  and should be valid only for small changes in structure.

Our considerations give additional arguments for remarkable closeness of energy spectra of S=1 
Heisenberg model on J-cospectral regular graphs for arbitrary D.

Despite that we have demonstrated smallness of energy differences for a few pairs of (J, W)- and 
H+-cospectral MNMs, the results must be compared with  for magnets that do not share spectra of 

these matrices. We have calculated |ΔE0(D = 4)| for all pairs of J-cospectral graphs with n=9. Also, it 
can be noted that H+ = (d-J)(d+J) is a product of Laplacian L and signless Laplacian . So, to 

test  whether  Laplacian  cospectrality  can  be  used  a  proxy  for  H+-cospectrality,  we  calculated
|ΔE0(D = -1)| in subspace with magnetization M=0 for all pairs of  L-cospectral bipartite graphs with 
n=12. Note that the number of graphs in larger cospectral groups (triples, quadruples etc) is negligible. 
The total number of pairs of (J, W)- and H+--cospectral graphs is small (17 and 139), but the number of 
J- and L-cospectral graphs grows very quickly with n, so we could not compute E0 for all graphs with 

.

The  distributions  of  energy differences  per  bond |ΔE0|/Ne (Figure  4)  show that  accounting  for 
structural invariants arising from PT and LSWT allows to filter out pairs with significantly different  
ground state energies, but many pairs with small |ΔE0|/Ne are filtered too. Per-pair inspection shows 
that larger |ΔE0|/Ne  for (J,  W)-and  L-cospectral pairs is due to energy level crossings and intruder 
states.

Figure 4. Distributions of ground state energy differences of S=1 MNMs sharing graph spectra. Left panel:  
histogram of |ΔE0(D = 4)|  for all pairs of magnets with  n=9, which are  J-cospectral (gray for M=0, violet for 
M=1) or (J, W)-cospectral (black for M=0, red for M=1). Right panel: histogram of |ΔE0(D = -1, M = 0)| for all 
pairs of L-cospectral magnets (black) and for all pairs of H+-cospectral magnets (gray) with n=12 atoms.

Unfortunately, the presented approach does not allow to find magnets with extremal properties (for 
example, energy gap  ΔE = E1 – E0  or magnetic cooling efficiency). Moreover, equality of energy 
spectra is not necessary for equal low-temperature magnetization, entropy and specific heat, as these  
require only equality of excitation energies. This approach is also not total, as there are more magnets 
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with small of |ΔE0|  for a given  D value, but we’re unable to find them due to the limits of used 
approximate methods. It’s also well known that perturbation theory is prone to intruder state problem. 
Level  crossings  are  typical  for  non-bipartite  graphs,  which  exhibit  larger  ground  state  energy 
differences.

The set of generated graphs with numerically close energy spectra contains a variety of high- and 
low-valence graphs, including ones that can correspond to real quasi-zero-dimensional transition metal 
complexes. Here we used the simplest method of exhaustive graph enumeration to find H± and (J, W)-
cospectral graphs. However, graph-theoretic methods similar to Godsil-McKay switching to construct 
adjacency cospectral graphs [33] should be possible.

Conclusions

We analyzed  the  structural  dependence  of  the  lowest  energy  levels  of  finite  S=1  Heisenberg 
antiferromagnets with single-ion magnetic anisotropy using perturbation theory and linear spin wave 
approximation. Obtained invariants of approximate low-energy theories allow us to find multiple S=1 
MNMs with numerically close low-energy spectra. This approach can be straightforwardly generalized 
to higher-spin and mixed-spin systems, non-equal values of exchange coupling parameters and other 
types of magnetic anisotropy. Our method can be used to guide the synthesis of perspective magnets  
with diverse structures and sufficiently similar low-temperature properties (magnetic entropy, specific 
heat, magnetization etc) that depend on excitation energies.
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Appendix. Results of perturbation theory for molecular nanomagnets
with general exchange parameters Jij

For  limit equation (2) for ground state energy with M=0 has the form:

(A1)

The 4th order BWPT correction to E0 is:

(A2)

where summations are carried over subsets of distinct atom indices. 
Matrix elements of effective Hamiltonian (3) in M=1 subspace are

(A3)
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антиферомагнетиків Гейзенберга з одноіонною анізотропією.
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Ми дослідили зв’язок енергетичного спектру скінченних антиферомагнетиків Гейзенберга з S=1 та  
їхньою будовою в присутності одноіонної анізотропії. Було показано, що ліміті сильної анізотропії типу 
«легка  площина»  магнетики  з  будовою,  що  відповідають  графам  з  однаковим  спектром  матриці  
суміжності,  мають  однакові  енергії  основного  стану  з  намагніченістю M=0.  Ми отримали додаткову 
умову,  необхідну  для  рівності  нижніх  рівнів  з  .  Для  сильної  анізотропії  типу  «легка  вісь» 

дводольні  магнетики  з  S=1 та  будовою,  для  якої  досягається  рівність  енергетичних  спектрів  S=1/2  
моделей  Ізінга  при  довільному  значенні  продольного  магнітного  поля,  також  мають  близькі  
енергетичні  спектри  для  довільного  значення  параметра  анізотропії.  Для  проміжних  значень 
анізотропії  типу «легка вісь» дводольні  S=1 антиферомагнетики з однаковими енергіями спінових в  
лінійному наближенні також є наближено ізоенергетичними. В цілому, це пояснює значну близькість 
енергетичних  спектрів  в  підпросторі  з  M=0  для  S=1  антиферомагнетиків  з  будовою  дводольних 
ізоспектральних регулярних графів.

Ключові слова: молекулярний наномагнетик, модель Гейзенберга, модель Ізінга, теорія спінових 
хвиль.
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