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Statistical convergence cannot be generated by a single
statistical measure

V. Kadets
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V.N. Karazin Kharkiv National University, Ukraine
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We demonstrate that statistical convergence cannot be generated by a single
statistical measure, thus solving in negative a question from recent paper by
Li Xin Cheng, Li Hua Lin, and Xian Geng Zhou.

Keywords: filter convergence; statistical convergence; statistical measure.

Kamens B. Cratuctuuny 306i>KHIiCTH He MOXKHA 3a/IaTA OJHI€IO cTa-
TUCTUYHOIO Miporo. Mu moBoauMO, M0 CTATHUCTUYHY 3012KHICTH HE MOXKHA,
3aJ1aTH OJTHIEI0 CTATUCTUYHOIO MipOIO, BiJITOBIIAI0YN TAKUM YHMHOM Ha ITUTAHHS
3 memomasuol crarti Jlicima Yenra, Jlixya Jlin ta Csnrenra Yxkoy.

Kmowosi caosa: 36iKHICTD 38 DIIBTPOM; CTATUCTUYHA 3012KHICTh; CTATUCTUYIHA,
wmipa.

Kanern B. CrtatucTndeckyio CXOAMMOCTh HEJIb3s 3aJaTh OJHOI CTAaTH-
cTu4deckoii Mmepoii. Mbl 10Ka3bIBaEM, YTO CTATUCTUIECKYIO CXOTUMOCTD HEJTh-
3¢ 3aJ71aTh OJIHOI CTATHCTUYIECKO Mepoil, oTBevUas TAaKUM 0OPa3oM Ha BOIPOC
u3 vegasueit crateu Jlucuna Yenra, Jluxya Jlun u Caurenra Yxkoy.
Karuesnie ca06a: CXOMUMOCTD 110 (DUIBTPY; CTATACTUYECKAsT CXOIUMOCTh; CTa-
TUCTUYIECKAS Mepa.

2000 Mathematics Subject Classification 40A35, 54A20.

Introduction

This short note is a follow-up of [2], where the reader can find an extensive list
of references related to the subject. We do not repeat historic remarks, connections
with other mathematical concepts and motivation presented in [2], but for the
reader’s convenience we give below precisely those definitions and explanations
that are necessary to understand our article.

© Kadets V., 2016
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Recall that a filter F on the set N of all naturals is a non-empty collection of
subsets of N satisfying the following axioms: () ¢ F; if A, B € F then AN B € F;
and for every A € F if B D A then B € F.

A sequence (z,,), n € N in a topological space X is said to be F-convergent
to z if for every neighborhood U of x the set {n € N : z,, € U} belongs to F. In
particular if one takes as F the filter of those sets whose complements are finite
(the Fréchet filter), then F-convergence coincides with the ordinary one.

The natural ordering on the set of filters on N is defined as follows: Fq = Fo if
F1 D Fo. Maximal in this ordering filters are called wultrafilters. For an ultrafilter
U on N the following is true: for every subset A C N that does not belong to U,
the complement N\ A belongs to U.

A filter F on N is said to be free if it dominates the Fréchet filter. In this case
every ordinary convergent sequence is automatically F-convergent.

For a subset A of naturals its lower density is defined as

<n:
04(A) := lim inf #{k<n:ke A},

n n

(1)

where # stands for the number of elements of the set. The upper density 6*(A) is
defined in a similar way by substituting lim inf by lim sup in . If the ordinary
limit in exists, i.e., upper and lower densities coincide, this limit is called
natural density and is denoted by §(A). Remark, that §,(A) = 1 if and only if
d(A) =1, and 6*(A) = 0 if and only if §(A4) = 0.

A sequence (zj) in a topological space X is statistically convergent to x if for
every neighborhood U of x the set {k : z; € U} has natural density 1. In other
words, statistical convergence is the same as convergence with respect to the filter
Fa={Aec2V:6,(A) =1}

A non-negative finitely additive measure p defined on the collection of all
subsets of N is said to be a statistical measure if (N) =1 and pu({k}) = 0 for all
k € N. Evidently, a statistical measure cannot be countably additive. An example
of statistical measure is the characteristic function 1;; of a free ultrafilter ¢ on
N: 14(A) = 1if A € U, and 15(A) = 0 if A € 2V \ U. More examples can be
easily given by combining several statistical measures of above-mentioned type,
like % (1 + 1y), where U and V are two different free ultrafilters.

For a given statistical measure p, a sequence (z,) in a topological space X
is said to be p-convergent to x € X, if u({n € N : z, € U}) = 1 for every
neighborhood U of z.

For a given non-empty family S of statistical measures, a sequence (z,) in a
topological space X is said to be S-convergent to x € X, if (x,,) is p-convergent
tox for all y € S.

Lingxin Bao and Lixin Cheng [I] remarked that for every free filter F there
is a non-empty family S of statistical measures such that S-convergence is
equivalent to convergence with respect to F (one can take & = {1 : U >
F, U is an ultrafilter}).
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In their recent paper [2], Li Xin Cheng, Li Hua Lin, and Xian Geng Zhou
performed an extensive study of u-convergence generated by a single statistical
measure p and presented a number of nice characterizations. But, as they mention
in [2, Remark 5.4], for the classical statistical convergence (which was one of
motivations of the study) they were not able to determine whether it is equivalent
to u-convergence for a single statistical measure u. In other words, the question
whether there exists a statistical measure p such that

{AGQN:,u,(A):1}:{A62N:5*(A):1}

remains unsolved. Passing to complements, one reduces the problem to the
following one:

Question 1. Does there exist a statistical measure p such that
{AGQN:/,L(A):O} :{A62N:5*(A):0}? 2)
The aim of this article is to give the negative answer to Question 1.

Some elementary lemmas

Lemma 1 Let A C N be a set with §*(A) = 1. Then, for everyn € N and ¢ > 0
there is an m > n such that for B = AN{n+1,n+2,...,m} we have % >1—e.

Proof. Due to the definition of 0*(A), there is a sequence m; < mg < ... such
that . 4
k my

Then, denoting By = AN{n+ 1,n+2,...,my} we obtain that

#Be  #i<me:jeAy 1
mg my my k—o00

Consequently, when k is large enough, my and Bj can serve as our m and B
respectively.

Lemma 2 Fvery set A C N of 6*(A) =1 can be represented as a disjoint union
of two sets of upper density 1. In other words, there are Ay, Ao C N with §*(A1) =
0*(Az) =1 such that A = A; U As.

Proof. Using repetitively Lemma 1) we can find 0 = m; < mg < ... and B; =

An{mj+1,m;+2,...,mjq1}, j=1,2,... such that % >1- % It remains
J

to take Ay = BiUB3UDBsU..., Ay = BoU B4 U BgU. .. Indeed,

#{k <mojro: k€ Ar} #DB2j 11

Jj—00 m2j+2 J—00 m2j+2
< i+t A By,
§*(A2) > lim #ik S map k€ Ao} o #By

j—00 mMoj+1 T j—ooo maj+1
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Lemma 3 Let A, C N form a decreasing sequence of sets A1 D As D ... with
0*(Apn) = 1. Then there is a set B C N with 6*(B) =1 such that #(B\ A,) < o0
for every n € N.

Proof. Again, using repetitively Lemma [1] we can find m; < mo < ... and B; =
Ain{m;+1,m; +2,...,mjt1}, j = 1,2,... such that % > 1-— % Then
B = J;en Bj is the set we are looking for.

Two sets A, B C N are said to be almost disjoint, if #(AN B) < oo.

Lemma 4 Let i be a statistical measure, and let Ay C N, v € I' be a collection
of pairwise almost disjoint subsets with u(A,) > 0 for all v € T'. Then I' is at
most countable.

Proof. First, remark that since u(A) = 0 for every finite set A, the finite-additivity
formula p(Up_; Dk) = > r_q #(Dk) remains true for every finite collection of
pairwise almost disjoint subsets. Now, for every n € N denote I',, = {y € T :
(Ay) > L}, Then for every finite subset E C I;, we have

#E <n Z (A, = n,u( U A'y) < nu(N) =n.

~yeE yeE

Consequently, #I';, < n. Since I' = | J,,c I'n, T is at most countable.
The main result

Theorem 1 For any statistical measure i, p-convergence is not equivalent to the
standard statistical convergence.

Proof. Assume contrary that there is a statistical measure g such that the identity
holds true. Then, every subset A C N with §*(4) > 0 has p(A) > 0.
Consequently, according to Lemma [4 there is no uncountable pairwise almost
disjoint collection of sets of positive upper density. So, in order to get the desired
contradiction, it is sufficient to build an uncountable collection of pairwise almost
disjoint subsets of N of positive upper density. We will do this even with §*(By) = 1
for all members By of that uncountable collection.

In order to do this, let us construct a tree of subsets of upper density one
Al, AQ, A171, ALQ, A271, AQ’Q, A17171, etc. as follows. At ﬁI‘St, using Lemma@split
N = A; U Ay in such a way that §*(A1) = 6*(A2) = 1. Then, using the same
lemma, split each of them: A; = Al,l (] Al,g, Ay = A2’1 UJ A272 with (5*(141’1) =
0*(A12) = 6"(A2,1) = 6"(Az2) = 1. Next, split each of these four sets in two new
sets, etc.

For every sequence 6 = (61, 02,...) € {1,2}" the corresponding branch

A01 5 A01,025 A91,92793’ ce
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is a decreasing sequence of sets of upper density one, hence Lemma3|comes in play.
Namely, there is a set By C N with 6*(By) = 1 such that #(By \ Ag,...0,) < 00
for every n € N. This collection {By : 6 € {1,2}"} is uncountable (in fact, of
continuum cardinality) and pairwise almost disjoint, which completes the proof.

Acknowledgement. The research is done in frames of Ukrainian Ministry of
Science and Education Research Program 0115U000481.
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Approximation of autonomous affine control systems in the
sense of time optimality and algebraic approximation
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In the paper conditions are given under which, for autonomous affine control
systems, approximation in the sense of time optimality implies the algebraic
approximation.

Keywords: nonlinear affine control system, problem of time optimality,
algebraic approximation.

Irnaropuu C. KO. Amnpokcumariiss aBTOHOMHUX adiHHAX KepoBaHUX
cucTeM y CceHCi mBuUAKO/Ail Ta ajrebpaiuna anpokcumariiisi. Y poboTi
JIAI0ThCsl YMOBH, 38 SKHUX JIJIsi aBTOHOMHUX a(iHHUX CHCTEM 3 allPOKCUMAINT y
CEHCI MBUIKO/IIT BUTLINBAE aareOpaiana ampOKCHMAITis.

Knovosi caosa: HeiHiliHI KepoBaHi crucTeMu, 3ajada MIBUIKOIIl, ajarebpaiina
AIPOKCUMAITis.

Wrnarosuu C. HO. Annmpokcumariusi aBTOHOMHBIX ad(DUHHBIX yHOPaBJIs-
€MBbIX CHUCTEM B CMbICJI€ OBICTPOIENCTBIS U ajrebpanvyeckas almnpoK-
cuMamusi. B pabore maiorcst yc/ioBus, MpU KOTOPBIX /i aBTOHOMHBIX ad-
UHHBIX yIIPABIISEMbIX CUCTEM U3 AIMIPOKCUMAIIUU B CMBICJIE OBICTPOIEHCTBIS
BBITEKAET ajirebpanveckasi allllPOKCUMAIIHS.

Karouesvie cao6a: HeTMHEHHBbIE YIPaBIseMble CHCTEMBI, 3aj@ada ObICTPOIei-
CTBUS, ajrebpandeckas arnmpOKCUMAIIHS.

2000 Mathematics Subject Classification 93B10, 93B25.

1. Background and statement of the problem

In this paper we deal with the time-optimal control problem for autonomous
nonlinear affine systems of the form

& =a(x)+ub(z), zeR", ueR, a(0)=0, (1)
lu(t)| <1, 2(0) = 2°, 2(f) =0, § — min, (2)

© Ignatovich S. Yu., 2016
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where a(z) and b(x) are real analytic vector fields in a neighborhood of the origin.
The requirement a(0) = 0 means that the origin is a rest point for this system.
For brevity, we denote the system by {a,b}.

Now we briefly recall some results obtained in [I, 2]. Below, S, = Sq4(6,u)
denotes the map taking a pair (0,u) to the initial point 2° which is steered to
the origin by the control u = u(t) in the time #. This map can be expressed as a
series

IEO = Sa7b(9, u) = Z Z 'Uil...ikgml...mk (G,U),

m=1my++my+k=m

where &, i, (0,u) are nonlinear power moments of the form

6 rm Thk—1 k e
émlmk(e,u) = / / / HT] Ju(Tj)di"'dTl7
0 0 0 j=1

and vy, .m, are constant vector coefficients which can be found by the formula

Umy..my, = 7‘ad7£‘in 0:-+0 adngbE(x)|$:o, (3)
where the operators R, and R, are defined as R,¢(z) = ¢ (x)a(x) and
Ryp(x) = ¢p(x)b(x), operator brackets adjp Rj are defined as ad?%aRb = Ry,
ad’]{leb = [Rq,ad, Rp], m > 0 ([-,-] means the operator commutator), and
E(xz) = x. Since a(z) and b(z) are real analytic, there exist C,Cy > 0 such that
Vmy.me || < k!010511+"'+m’“+k for all k > 1 and mq,...,my >0 [3].

For any fixed 6 > 0, let us consider nonlinear power moments as functionals
defined on the unit ball of the space Ls[0, 8], i.e., on the set BY = {u € L[0,9] :
|lu(t)]] < 1}. The linear span (over R) of all such functionals form an associative
algebra AY with the concatenation product

fml...mk (9> ) \% gjqu (9, ) = émlmkjqu (95 )

One can show that the algebra A? is free for any 6 > 0. On the other hand, since
Emyomy (0,0) = gmat—tmatke o (1,@) where @(t) = u(td), t € [0,1], we can
regard the number ord(&,,, . .m, ) = m1+- - -+my+k as the order of the functional
Ema..my (6, ). This concept allows us to introduce a graded structure in A°.

Notice that algebras A? with different § > 0 are isomorphic to each other.
Therefore, it is convenient to deal with more abstract object. Namely, let us
consider the set of abstract free elements (letters) &,,, m > 0. Strings of letters
(words) &m, - - - €m,, are denoted by &y, m, . In the set of words, the concatenation
is defined: &y, V $ireda = Sma.muiidq- All finite linear combinations of
words (over R) form a graded free associative algebra A = > >~ | A™, where
homogeneous subspaces A" are defined as follows,

A™ =Lin{&m, . my, c 1 + - +mp +k=m}, m> 1.
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This algebra is isomorphic to A? for any 6 > 0; we call it the algebra of nonlinear
power moments. Below we identify A? and A.

We say that an element z € A™ is homogeneous and the number ord(z) =m
is its order. It is convenient to supplement 4 with the unity element 1 (which
can be thought of as the empty word) and consider the algebra A° = A + R.
Throughout the paper we assume &,,..m, = 1 if p > q. We also use the notation
Vi=¢V--- VL (q times).

In A we consider the free graded Lie algebra £ =3, L™ generated by the
letters &, m > 0, with the Lie brackets [¢1,f3] = €1V o — l3 V £1; then A is
its universal enveloping algebra. We also use the shuffle product operation in A
defined by the following recurrent formula

Eivei &y gy = i V (ineiu &Gy gig) F &5V Gy W gy )

and such that 1wz = zwl = z for any z € A°. Below we also use the
notation 2" = zw - .- wz (g times). We say that P(21,...,2;) is a homogeneous
shuffle polynomial of order m if P(z1,...,2,) = 3. gy qr 2 P - - Luz:/,';"'q’c where
Qg,..q. € R and the sum is taken over all ¢i, ..., g, such that Zle giord(z;) = m.

Finally, we introduce the inner product (-,-) in A so that the basis &, .,
becomes orthonormal.

Let us now consider the set of vector coefficients . They generate the linear
map v : A — R” defined as v(&m,...my,) = Um,...m,- The important role is played
by the restriction of this map to the Lie algebra £ C A. Namely, let us suppose
that the Rashevsky-Chow condition holds,

v(L) =R" (4)
and consider the following subspaces
Pl={teL':v)=0}, Pr={tecLr:vl)col+---+L" )}, k>2.

We say that
Lop=> P
k=1

is a core Lie subalgebra corresponding to the system {a,b}. We say that
Tap=Lin{lVz:l€ Lyp,z€ A}

is a right ideal corresponding to the system {a, b}. Due to properties of the map v,
if 2 € JupNA™ then v(z) € v(Al+---+A™"1). One can show that L, = JupNL,
hence, L, and J, define each other.

We notice that the Rashevsky-Chow condition implies the attainability for
the system {a,b}. This means that the set of all initial vectors #° which can be
steered to the origin has nonempty interior and the origin belongs to the closure
of this interior.
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Suppose {1, ..., ¥, are homogeneous Lie elements such that
L=Lin{ly,.... 0.} + Lay,
and {(;}32, , is a homogeneous basis of £, 5. As is well known [4], the set
v VL | - .
{gillh \/-"\/giqu <L <, k> 1}

forms a basis of the algebra A; we call it a Poincaré-Birkhoff-Witt basis.

Suppose {d* %1 is a dual basis, that is,

'Ll...ik

(di B GV VT = 1 s =k, i = Gy G = T

110 7 T

Then [5] it can be expressed as

dq1-~~¢Zk _

1 gy Waqz

010 qﬂ---qk!dil w '“”Jdik ’
where d; = d}. In other words, the sequence {d; }52, defines all other elements of
the dual basis. Hence, the map S, can be expressed as a series w.r.t. the dual
basis,

1 Vq Vg, Wq g
Sa7b(0,u) = Z m@(ﬁh VRS \/E%k)dll 'w Lle,Lk k,
E>1, i1 <-<ig, g;>1

Moreover, if i1 > n+ 1 then ¢;, € L, and therefore Kz/lql \VEREAY, K;;q’“ € Jap- This
representation justifies the result which was obtained in [2]: for any system {a, b}

satisfying condition there exists (polynomial) nonsingular change of variables
y = ®(z) (¢(0) = 0) such that

¥ = (®(2°) = di(0,u) + pp(6,u), k=1,...,n,

where py, € Zfiord(dk) 41 Ai. Tt turns out that there exists a (autonomous) system
{a*,b*} such that
(Sarp# ) = di(0,u), k=1,...,n.

Let us notice that the components of the series of this system are homogeneous as
elements of A. In such a case we say that the system {a*,b*} is homogeneous. It
can be shown that if v(J,« ) = 0 then there exists such a change of coordinates
that (F(Sa»p+))k = dj(6,u), k = 1,...,n, where dj are homogeneous elements (of
dual basis). In other words, the algebraic representation becomes homogeneous
after a change of coordinates y = F(x). Then we also say that the system is
homogeneous and the coordinates y are privileged for the system {a*,b*}.

Definition 1 Suppose a homogeneous system {a*,b*} is such that Jo« p» = Tap
(or, what is the same, Lo« p» = Lqyp). Then we say that {a*,b*} is an algebraic
approximation of {a,b}.
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It can be shown that if {a, b} is autonomous then its algebraic approximation
{a*,b*} can be chosen as autonomous.

In 2] we propose the connection of such approximation with time optimality.
Let us adopt the following definition of equivalence in the sense of time optimality.
Consider two time-optimal control problems of the form , for systems
{a*,b*} and {a,b}. Suppose there exists an open domain Q C R™\{0}, 0 € Q,
such that the time-optimal control problem for the system {a*,b*} has a unique
solution (6%, u%,) for any 2% € Q. Denote by U,o(6) C BY the set of all controls
which steer the point 2° to the origin by virtue of the system {a, b} in the time 6,

then the optimal time for this system equals 6,0 = min{6 : U,0(0) # @}.

Definition 2 We say that the system {a*,b*} approzimates the system {a,b} in
the sense of time optimality in the domain ) if there exists a (real analytic)
nonsingular map ®(x) of the neighborhood of the origin (®(0) = 0) and a set of
pairs (6,0, Ty0), 20 € Q, such that U0 € UQ(JCO)(gxo) and

03 (20) 0,0
—1 z
9 9;0

*
20

1 /¢ _
— 1, 0/ ’uzo(t)fuxo(t)}dt%() as CCO—)O, xOGQ,
0

where § = min{07%,, O,0}).

Controls u,0(t) can be regarded as “almost optimal” controls for the system
{a, b} which steer the point ®(z°) to the origin in the “almost optimal” time 6,0.

In [2] the following result was obtained. Suppose the system {a*,b*} is an
algebraic approximation of the system {a,b}. Suppose also that there exists an
open domain 2 C R"\{0}, 0 € Q, such that

(i) the time-optimal control problem for the system {a*,b*} has a unique
solution (6%,,u%,) for any 20 e,

(ii) the function 6%, is continuous w.r.t. z° € Q;

(iii) for the set K = {u*,(t0%) : 2° € Q} C Ly[0,1], the weak convergence
implies the strong convergence.

Then there exists a set {Q(d)}s>0 of domains, Q(d1) C Q(d2) if 61 > 0do,
Usso ©2(6) = Q, such that {a*,b*} approximates {a,b} in the sense of time
optimality in each domain §2(9).

In other words, if the system {a*,b*} approximates {a,b} in the algebraic
sense then, under some conditions, it approximates {a,b} in the sense of time
optimality.

In [I] we considered a subclass of systems {a, b} whose approximation {a*, b*}
is linear. In this case we proved also the converse implication. Roughly speaking,
the result is as follows: if the system {a,b} is approximated by a linear system
in the sense of time optimality then its algebraic approximation is linear, i.e.,
di = &m,, @ = 1,...,n. The proof used essentially the fact that optimal controls
for linear systems are piecewise constant and, for a set of initial points of nonzero
measure, have n — 1 switchings.
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The question remains whether this statement can be proved for more general
class of approximating systems. In [6] we partially answered this question. The
main idea was to consider those systems {a*,b*} whose optimal controls are
piecewise constant with n — 1 switchings for a set of initial points with nonempty
interior.

In the present paper we develop the idea proposed in [6] and prove analogous
statement for autonomous systems under much weaker assumptions concerning
optimal controls. Preliminary lemmas are given in Section 2. The main result
(Theorem 1) is proved in Section 3.

2. Preliminary results

Notation. (a) Denote by ¢ : A+ R — A and ¢’ : A — A+ R differentiations in
A defined by
(&m) = (m+ 1)&mi1,  ¢(1) =0,
90/(50) =0, @/(fm) =m&m—1, m > 1,
then
k

k
@(frmmk) = Z(mz + 1)€m1,,,(mi+1),,,mk, cp’(fml...mk) = Zmzfml(mlfl)mk
i=1

i=1
(b) Denote by ¢y : A+ R — A and ¢, : A — A+ R linear mappings defined
by
wO(Emlmk) = gmlmk V 507 ¢0(1) = 507

wé(é—o) - 1’ ¢6(§m1mk) = { 07 Mk 7& 0’

fml...mk,p mg = 0.
Lemma 1 (a) Mappings ¢ and ¢' are transpose to each other, i.e., for any
y1 € A+ R and any yo € A

(1), y2) = (y1, ¢ (y2))-

(b) Mappings 1o and ¢y are transpose to each other, i.e., for any y1 € A+R and
any ys € A

(o(y1),y2) = (y1,%0(y2))-

Proof. (a> Notice that <@(§i1---is)7§m1---mk> =0 and <£i1---is7 @l(gml---mk)> =0if
s # k. Hence, suppose s = k. For any ¢ =1,... )k

<£i1...iq...ikafml...(mq—l)...mk> = 0 lf iq + 1 # mQ'
Hence, for any &,,..m, € Aand any &, ;, € A+R
k

<<P(£lek)7§m1mk> = Z(Zq + 1)<§i1...(’iq+1)...ik7§m1~~~mq~~-mk> =

q=1

k
= Zmq<§i1---iq---ik7§m1...(mq71)...mk> = <§z1lk7 @l(fml---mk»'
q=1
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(b) For any &,,..m, € Aand any &, ;. € A+R

<w0(§i1...is)a£m1...mk> = <£les vaagml...m;J — { (()gil...isyfm1...mk_1> lf ke = 07

otherwise,

which, obviously, equals (&, ., ¥4 (&my.my))-

Lemma 2 (a) Im(p) + Im(¢g) = A; (b) ker(¢’) Nker(¢y)) = {0}.

Proof. (a) First, let us show that any &, .m, € A belongs to Im(¢) +Im(t)yp).
We use the induction w.r.t. my.

If my =0 then &y my = %0 (§my..my_y) € Im(¢ho) for any mq, ..., mg_q.
Suppose p > 0 and &, .my,_,p € Im(p) +Im(t)) for any mq,...,mg_1. Then

@(gml...mk_w) = So(é‘my..mk_l \ Ep) = (p + 1)€m1...mk,1(p+l) + So(fmy..mk_l) \ §p~

By the induction supposition, ¢(&{m,..m,_,) V &p € Im(p) + Im(1)g). Hence,

§m1...mk71(p+1) = ﬁ (‘P<£m1---mk—1p) — @(&my.my_y) V §p) € Im(¢p) + Im(zo).

The induction arguments complete the proof.
(b) Now, let y1 € ker(y’) Nker(¢))). Then Lemma [I| implies that for any
ypeA+R

(p(y2),91) = (Y2, 9" (1)) = 0, (o(y2),y1) = (y2,9(y1)) = 0.

Hence, y; is orthogonal to Im(p) 4+ Im(ty) = A, therefore, y; = 0.

Remark. It follows from [3] that if 7, is a right ideal corresponding to the
system {a, b} then ¢ and vy are J, p-invariant, i.e.,

@(ja,b) C ja,ba wﬂ(ja,b> - ja,b- (5)

Relation is necessary and sufficient for the ideal J;; to be a right ideal of an
autonomous control system.

Corollary 1 Suppose J,p is a right ideal corresponding to the system {a,b}.
Then ¢’ and 1 are J -invariant, i.e., ¢'(J:5) C T4 and y(T5) € T

Remark. Formally, Corollary [1| requires the system {a,b} to be autonomous.
However, one can weaken this condition by assuming that the algebraic
approximation of {a,b} is autonomous. On this way, Theorem [I| (which uses
Corollary |1)) can be slightly generalized.

Lemma 3 Let us fir 0 > 0 and consider u(t), t € [0,6], such that there exists
w(0) = limy— 1o u(t). Let us consider 85 = 6 — 6 and us(t) = u(t + 0), t € [0, 65]
for 0 <6 < by < 6. Then for any z € A

(0, 05) 510 = —2'(2)(0, ) — w0} (=) (0, u).
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Proof. It suffices to consider z = &,,..m, . We have

0—6 0—5 6—6 k )
§m1 M 95,165 / / / T] +5)d7’1 -d1, =
// / 7 — 6)"u(ry)dry - - - dTy,.

d
75m1mk (957 Ué) -

Then

gkl

— (1 — 8)™Fu(Ty, / / / )" u(;)dr - AT | =5 —
k
_Zmz/ / / T — 8)"™ (1 — 5)mi71Hu(7—j)dT1~-~d7—k,
2 JFi j=1
Hence, when 6 — +0 we get
( k
— ;ngml(mz_l)mk (07 u) - U(O)éml--.mk,1(07 u)
d if my, =0,
%gmlmk (05, us)|s=+0= k
_ Z mzfml (m;—1). (0,u)
if mg, #0

which completes the proof.
3. Equivalence of autonomous homogeneous systems

In this section, a system {a*,b*} is supposed to be homogeneous. Then in
privileged coordinates we get (Sg«p+)r = df, where ord(dy) = wy, k= 1,...,n.
For such a system we introduce a dilation H.(x) acting as (H.(z)), = e%kxy,
k=1,...,n. Notice that

i o0y = 020 amd o) () = wlo(!), 1 € (0,0, (6)

Let us suppose that an open domain Q C R™\{0}, 0 € Q, is such that the
time-optimal control problem for the (homogeneous) system {a*,b*} has a unique
solution (0%, u%,) for any 20 € Q. We assume that in € optimal controls are
continuous from the right at ¢ = 0, i.e., there exists u%,(0) = lim_,youlo(t) for
any z° € Q. Without loss of generality we may assume that the domain € is
pseudo-conic w.r.t. {a*,b*}, i.e., if x € Q then H.(z) € Q for any 0 < & < &.

Now let us denote by x*(t), t € [0,0%,] the optimal trajectory corresponding

to an optimal control u*, () (here z*(0) = 2° and 2*(6%,) = 0). Then obviously

9;*(5) = 9:30 — (5 and U;*((s)(t) = U;O(t + 5), t e [0,0;*(5)], fOl" (S € (0, xo) (7)
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We assume that € is open, hence, for any 2° € Q some segment of the optimal
trajectory starting at 2° belongs to €, i.e., there exists 5o > 0 such that 2*(5) €
for 0 <9 < dp < 0.

Finally, we call the set L = {z € R" : x1,...,2,_1 are fixed, z, € R} a
vertical line.

Theorem 1 Suppose a homogeneous autonomous system {a*,b*} approximates
the autonomous system {a,b} in the sense of time optimality in any of (pseudo-
conic) domains ;, i € I, with the same map ®(x) (where I may be finite or
infinite set of indices) and for all 2° € Uier $4 the time-optimal control problem
for {a*,b*} has a unique solution (07o,u%) such that u?y(t) is continuous from
the right at t = 0. Suppose there exists an open subset Q' C |J;c; Qi which satisfies
the following condition in privileged coordinates for the system {a*,b*}:

For any vertical line L, if the intersection M = Q' N L is nonempty
then the function f(x) = u%(0), x € M, is not constant.

(L)
Then {a*,b*} is an algebraic approximation of {a,b}.

Proof. Let L= p+ and L, j, be core Lie subalgebras corresponding to the systems
{a*,b*}, {a,b} and let {¢;}7_, {¢x}}_, be homogeneous Lie elements such that

L= Lln{f{, ce ,é;} + Ea*,b* = Lin{ﬁl, R ,én} + 'Ca,b-

Suppose {d;}}7_; and {dj}}_, are the corresponding elements of dual basis and
wy, = ord(dy), wy = ord(dy), where wi < --- < w) and wy < -+ < w,. We
notice that for autonomous systems without loss of generality we may assume
b =107 =dy =dj = &.

We suppose the coordinates are privileged for the system {a*,b*}, then

(Sarp )k = di(0,u), k=1,...,n,
and
o =dy(0%0,uo), k=1,...n 8)
Also, without loss of generality we assume
(Sap)k = di(0,u) + pr(0,u), k=1,...,n.

and pp € anozwk +1A™. By the supposition, the system {a*,b*} approximates
{a, b} in the sense of time optimality. Taking into account Definition [2] we suppose
Uyo € U¢($0)<9$0), then

((I)(xo))k = dk(emoaﬂro) + pk(exoaazo)a k=1,...,n.

Therefore,
dk(gxovamo) + pk(§m0>ﬂx0) = ((I)(di( ;0’ u;0)7 ceey d;(;( ;O,U;O)))k =
n w,

* * * * * * * * * 9
= awdi (00, uko) + > prn(di, . d3) (00, uho) + Re(0%0, ulo), ©)
=1

m=1
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where the matrix {a;x} is nonsingular (it equals ®'(0)), pyi are shuffle polynomial
without linear terms, ord(pni(di,...,d:)) = m, and Ry € > LA™

m=wg+
Without loss of generality we assume that the elements {¢;}}_, are chosen so

that ®’(0) equals the identical matrix.
Due to Definition [2| for any z € A™ and any i € I we have

2(040,TUg0) = 2(0%0,uko) +0((05)™) as 2° — 0, 2° € Q..

Then @ implies for any z° € €

di(030, %) = dj, (630, 1%0) +mek di, o dp) (B30, wh) + 6((050)™),  (10)

k=1,...,n. Let us denote

d*){ di 4+ pmi(dy, ..., dY) if m=w},

P (e Pk (i, ..., dY) otherwise.

(11)
Considering (10)) for 22 = H.(2°) € ;, 0 < € < €9, instead of z°, we get
Ekdk 3307 Zs Pmkdla"'ad )( 205 U )+0( )

as € — 0, which implies

Proi(dy, ..., dy) (00, uto) =0, m < wy — 1, (12)
(%0, u%o) = Pui(dl, ... d5) (0%, uko), k=1,....n, (13)
for any 2% € ;. Using we get from ([12)
P2, ..., 20y =0, m < wy — 1,

for any 2% € Uicr €, which implies that polynomials Py,x are zero, P, = 0. In

particular, (11)) gives w} > wg.
Now we consider ([13)) and use the induction arguments. Assume

Wj =+ =Wjyq = C,
wg<c if s<j—1 andws>c if s>j+q+1.

Suppose j =1 or
di=dy, k=1,...j—1. (14)

As is shown above, w; > wj;. Hence, if j > 2 then, due to the induction
supposition,

Ty NA™ = Jk o NA™, m=1,....c—1 (15)
Since ord(Py(jtry(d],-..,dy)) = c and w; > ws > c for s > j + q, we get

Pojim(dis. .. dy) = Pyjir)(di,....dj,,). For brevity, we temporarily denote

Fivr = Pegipn (d], - . ,d;+q)
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Since €2; is open then z*(0) € Q; for 0 < 0 < §y. Therefore, considering
for 2*(0) instead of 20, we get

dj+r(05)u5) = fj+T(9(57u5)7 r= Oa -4, 0<d< 507

where 05 = 0%, — 6, us(t) = Uy (5) (t) = ulo(t +9), t € [0,0s]. Hence, Lemma
gives

' (djr) (0, 1) + w(0)Y' (djgr) (0 1) = @' (fir) (0, u) + w(0)Y (f4r)(0, 1), (16)

where 6 = 07, u = u’,. By constructlon djir € jab and fjy, € ja* b+ hence,
applying Corollary |1] I and using we have

¢ (djer), Yo(djr) € TapNATH = jaJ;,b*mAc_lv ' (fjer)s Yo (fir) € Tar e DA,

therefore, for any r =0,...,¢
90,( j+r — fi+r) € ja* b N AT 17 wé)(dj—&-r — fj4r) € jaJ;,b* nA!

However, a basis of jaj; p is formed by polynomials of {d},...,d;}. Let us take
into account that ord(d;1,) = ord(fjt+r) = ¢ < wj. Hence, for some polynomials
Plr and PQT

@l(dj+r—fj+r) :Plr( Ta"w ;—1)7 ¢[/)(dj+T_fj+7") :PZT( T?"'a ;—1)' (17)
Hence, implies
Py(di,...,d; io1)(0,u) + u(0) Por( T,...,dj )O,u)=0
where 0 = 67,, u = u’,. Now recalling we get
Pl?’(x?v"-a T 1)+U(O)P2T(x?7"->$?—1) =0 (18)

for any 2% € J;c; Qi, where u(0) = u*,(0).

Suppose the polynomial Ps, is not identically zero. Let us apply condition (L).
Namely, let us consider the set Q" = {z € Q' : Py (x1,...,2j-1) # 0} which is
nonempty since the nonempty set €’ is open. For any x € €” the optimal control

P T ) )
% hence, it depends only on the first 7 —1 coordinates

of the point x (where j —1 < n — 1). Hence, the optimal control is constant on
the intersection of Q" with any vertical line, what contradicts condition (L).

Hence, the polynomial P, is zero, therefore, Py, also is zero. Then implies
djtr — [j4r € ker(¢’) Nker(y)). Now, Lemma [2| gives dji, = fj4r. Thus,

equals u(z) =

dj-H” = Pc(j+r)( Tv s 7d;<+q) (19)
If wi,, > wji, = c then, by , Pejyn(dr, . .. ,d;‘erq) = Pe(j4r)(d], - - cdi 1)
is a shuffle polynomial without linear term, hence, Pp(;i,(df,... ,d;k+q) € Lt

However, d;i, & L1, therefore, li leads to contradiction.
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Hence, wj,, = wjqy = cforallr=0,...,¢. Then and give
djyr = d5 1y + Per)(dis -y diy), T7=0,...,q. (20)

We recall that monomials of p.(; 1, are elements of the dual basis. So, if p; )
contains the monomial (%)% w - - w (d;‘-fl)l“qj*1 with nonzero coefficient then
Pe(j+r)(d7, -+, df_y) is not orthogonal to the element (£7)Y% V.-V (£5_;)V%-1.
However, the induction supposition implies ¢; = {;, k=1,...,j — 1, hence,
both dj;, and d}_, are orthogonal to this element. Then implies that the

Jtr
polynomial pej i,y is zero, pe(jir)(d7, - - ,d;f_l) = 0, and therefore,
dj+T:d;+7., TZO,...,Q.
Using the induction arguments we get that d, = dj for k = 1,...,n. Therefore,

jalb = .7; p<» which implies J, 5 = Jo= p=. The theorem is proved.

Remark. In Theorem the controls u’, are time-optimal. However, the
optimality itself is not used in the proof. Instead, the following two properties
of controls u?, are applied: the requirement @ connected with the homogeneity,
and the property which is justified by the autonomy of the system. One can
generalize the theorem assuming that for any point 2° € Q a control uyo is chosen
which steers the point z° to the origin by virtue of the system {a*,b*} and steers
the point ®(z°) to the origin by virtue of the system {a,b} and, in addition,
satisfies @, , and condition (L). Then equality holds and, as one can
obtain by repeating the rest of the proof of the theorem, the systems {a*,b*} and
{a, b} have the same right ideals.

Remark. Let us also notice that condition (L), which is used in the proof in
order to conclude the identities Py, = P», = 0 from equality , can be replaced
by some other condition. For example, one can require the existence of a € R
and two open sets My, My C |J;c; Qi such that u?,(0) = a for any 20 € M; and
% (0) # o for any 2¥ € Mo.

Example. As {a*,b*}, let us consider the nonlinear homogeneous system of
the form
T =u, &9 = T1, I3 :x‘i’.

As was shown in [7], for any 2° the optimal control u*,(t) equals +1 or 0 and
has finite number of switchings. In [8] domains where the time-optimal control
problem for this system has a unique solution were described. In particular, it
turns out that conditions (i)—(iii) mentioned in Section 1 are satisfied in several
open domains. Hence, if {a*,b*} is an algebraic approximation of {a,b} then
{a*,b*} approximates {a,b} in the sense of time optimality in these domains.
Moreover, there exists a domain ' satisfying the conditions of Theorem 1; for
example, one can choose ¥ = {z : 1 > 1, —2% < 29 < 0}. Therefore, if {a*,b*}
approximates {a, b} in the sense of time optimality in some domains ; such that
' C U,er Qi then {a*,b*} is an algebraic approximation of {a,b}.
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PaccmoTpena 3aata HAOIIOIEHNST COCTOSHUS W UIACHTU(DUKAIINNA TapaMeTpPOB
MaTeMaTUIECKON MOJIEeJIN, IIPeJICTaBJIEHHON CHUCTEMON B3aWMOCBSI3aHHBIX
ocimyisitopoB Ban siep Ilosisi. Takue cucreMbl BOSHUKAIOT IPH MOJIETAPOBaA-
HAW MHOTHX OHMOJIOTHYIECKUX IIPOIECCOB, MMEIOINX IUKJINIECKUI XapaKTep.
s pelreHnsi WCIOJIB30BAH METOJ, CHHTE33a WHBAPHUAHTHBIX COOTHOIIEHUH,
pa3paboTaHHBIA /I pelrenns OOPATHBIX 3aJad Teopuu yrpasjeHus. Metos
IIO3BOJIAET CbOpl\H/IpOBaTb KOHEYHbIC COOTHOIIECHUA, OIIPEIEJIAIONINe NCKOMbIE
HEU3BECTHBIE KaK (DYHKIMHM OT M3BECTHBIX BEJIMYMH.

Kaouesvie crosa: HabmonaTes b, HAeHTH(MUKAIINS IaPAMETPOB, HHBAPUAHTHDIE
cooTHoIIeHns, ocrmuissTop Ban mep Iloss.

ZKorosiera H. B., Illepbak B. ®. InenTudikaliias xapaKTepuUCTUK OCIUAJIS-
TOPHUX MepexK. Po3rIssHyTo 3a/1aty CIIOCTEPEXKEeHHs CTaHy Ta ieHTudikarii
rmapamMeTpiB MaTEeMATUYHOI MOJENi, sKa MPeJCTABIe€HA Y BUIVISII CHUCTEMU
B3aemo3asiexkanx ocruaaTopie Ban mep Ilosms. Taki cucremn BUHHUKAIOTH
IPpU  MOJIETIOBaHHI 0araTbox OIOJOTIYHMX TIPOIECiB, IO MAIOTh ITHKJIITHUIT
xapakTep. BukopucTtano mMeroj cuHTe3y iHBapiaHTHUX CIIBBiIHOIIEHD, SKUit
po3pobiteHo st 0OepHEHWX 3aJad Teopil yIpaBsIiHHLA. Meton mg03BOJISIE
CUHTE3yBaTHU KIiHIIEBi CITIBBIIHONIEHHS, IO BU3HAYAIOTH NIyKaHI HEBiOMi sK
byHKIET Bij BiIOMAX BEJTUYIUH.

Kmowosi caosa: cioctepirad, inenTudikariis mapaMerpis, iHBapianTHi CHiBBiI-
Hormen#st, ociuagTop Bam gep oms.

N.V.Zhogoleva, V.F.Shcherbak. Identification of characteristics of
coupled oscillators. The observation and identification problem for
mathematical model of coupled Van der Pol oscillators is considered. Such
systems arise under modeling of many cyclical biological processes. The
synthesis of invariant relationships method is used developed for the solution of
inverse control problems. The method allows to synthesize additional relations
between the known and unknown quantities of the mathematical model of the
object.

Keywords: observer, identification of parameters, invariant relations, Van der
Pol oscillator.
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Bsenenue.

Bo MHOTEX prIoyKeHUIX (DU3UKH, OHOJIOIUN B KAUECTBE MOIE/IN HEJIMHEHHBIX
MUKJITIECKUX TTPOIECCOB, UMEIOITUX YCTONIUBBIN PeeIbHbIN IUKJI, UCIOIB3YIOT
CUCTEMY, COCTOSIILYIO U3 OJHOIO WJIM HECKOJIBKIX CBA3AHHBIX MEXKYy CODOM OCIIHJI-
asitopo Ban siep Ious [I]. Ozmoit 3 3a1a4, BOSHUKAIOMIUX [IPU UCCIIEIOBAHUN
U MOJIEJIUPOBAHNN OMOJIOTHMIECKUX (PYHKIUI OpraHm3Ma, TAKUX KaK CepledHast
JIeITeJIbHOCTD, AbIXaHKEe, JJOKOMOTOPHAs aKTUBHOCTDL, SIBJISETCH 3aJada OIpele-
JICHU IIOJIHOI'O BEKTOPa COCTOAHUA U IMapaMETPOB TaKUX CHUCTEM IIO0 Pe3yJibTa-
TaM M3MepeHUsl BBIXOJHBIX CHIHAJIOB B peasibHOM Maciitabe Bpemenu [2], [3].
B pabore npeniaraercst crocod MmoJiydeHns aCUMITOTHIECKHX OIEHOK CKOPOCTe
U IapaMeTPOB, XapaKTePU3YIOIMINX YacTOThl KOJIeOaHUA CHCTEMBI OCIULISTOPOB
Ban nep Iloust, mo nadopmaruu 06 ux apuxKeHnu. Vcrnonb3yercs: pa3paboTaHHbIH
B aHAJUTUIECKOI MeXaHUKe MeTOJ| HHBADUAHTHBLIX cooTHomeHuil [4], koropslii B
3a/1a9ax yIpaBjIeHusl TO3BOJISIeT CHHTE3UPOBATH JIONOJHATEIBHBIE CBI3U MEXKLy
u3BeCTHBIME U Hem3BecTHbIMU Besmanaamu [, [6]. B nepsoii yactu pabors coor-
BETCTBYIONIAs 3a/a4a HaOIIONCHUSI 1 OQHOBPEMEHHON MAeHTH(MUKAIUNT PACCMOT-
pena s oguoro ocimuiaTopa Ban mep Ilomnsa. [lasee, mosrygennbie ajropuTmbl
OIIEHKH PACIPOCTPAHEHLI Ha CHCTEMY CBSI3aHHBLIX MEXKIy co0O0i HeJMHEHHBIX OC-
[UJLJISITOPOB.

3amaya onpejesienus xapakrepuctuk ocruisaTopa Bau ep Ilosis.
Paccmorpum ypasuenue Bau lep Ilosist, onmrcsiBatoriee mporece peakCcarnoHHbIX
Kosiebanmit  [7]

i —p(l —2?)i 4w’z = 0. (1)

3/1eCb & — OTKJIOHEHME TOYKH OT TIOJIO2KEHUsI PABHOBECHS, (i — KO3 PUIIUEHT
pU HEJIMHEHHOM CjIaraeMoM, KOTOPBIHM XapaKTepu3yeT BeJUIUHYy AeMII(UpOBa-
uust, 1 > 0. Pexxum g = 0 coorBercTByeT KoJiebaHusiM 6e3 TPEHUS U OIMCHIBACTCS
ypaBHEHHEM TapMOHUYECKOT0 OCITUJLISITOPA ¢ COOCTBEHHON yacToToil w. OIHON nu3
3a/a9, BOSHUKAIOIIUX [IPU U3YyYEeHNN W MOJEINPOBAHNN OMOJOTHIECKUX ITPOIEC-
COB C TIOMOIIHIO OCITUJIJIATOPHBIX CUCTEM, SIBJIFETCS 3a/1a9a OIpeeIeHIs CKOPOCTH
TOYKH & ¥ [TApaMeTPa w B IIPE/IIOI0KEHIN, UTO 3HaYeHUsT (DYHKIMN BpeMeHn (1)
JOCTYIIHBI U3MEPEHUIO.

Ob6osnauns x; = x, x9 = dz/dt, nepenuiiem B BHUJIE CUCTEMBI

1;1 = T2,
ay = —wzy + p(l — a})zo, (2)

Paccmorpum 3ajady HaxoxkaeHus To(t) U w Kak 3ajady HaOIIONEHUs] U OJHO-
BPEMEHHON MJIEHTU(MOUKAIINNA CUCTEMBI 10 U3BECTHOI MHMOPMAIUHU O JIBUXKE-
uun. Takoit urdopmMarmeii siisiercs: BoIXoJ| — MyHKIws y(t), a Tak»Ke Te BeJndn-
HbI, KOTOPBbIE MOT'YT OBITH IOJIy9Y€HbI C UCIOJIHB30BAHUEM TOJIBKO JIMIND 3HAYEHUIT
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BBIXOJa. B gacTHOCTH, Jajiee M3BECTHBIM OyjIeM CYUTATh JIF0O0Ee PEIleHne 3a 1891
Komu gjst cucremsr mudpdepennuaabHbIX ypaBHEHMIT

E=U(¢m(t), £0)=&€ER, p>1, (3)

B KoTOpOit dyukimu U (&, 1) yIAOBIETBOPSIOT JOCTATOYHBIM YCJIOBUSIM TEOPEM
CYIIECTBOBAHUSL ¥ €JMHCTBEHHOCTH pereHuii Jyisi ¢ € [0, 00).

Jlist perteHnst UCXOMHOM 3a1a9u HAOJIIOMEHNST W WACHTU(UKAIIMH UCIOIb3Y-
eM MeTOJ[ CHHTe3a MHBAPUAHTHBIX COOTHOIIEHUI, KOTOPBIA MO3BOJISET MOJIyYaTh
B mporecce DYHKIIMOHUPOBAHUS CUCTEMBI aCHMITOTUYECKUE OIEHKM HEU3BECT-
ubIx  [6].

Sagagya 1. Haiitu acuMOTOTHYIeCKN TOUHBIE OIEHKN IIEPEMEHHON X9 (t) " T1a-
pamerpa w cucTeMbl ([2)) M0 M3BECTHBIM 3HAYEHUSIM BHIXOHA 1 (1).

3ameuanmue. /[ocTaTOUHBIM YCIOBUEM JIOKAJIBHONW HAOIIOIAEMOCTH U UJICHTH-
dunupyemoctu [§] cucrembr SABJISIETCH HEBBIPOXKICHHOCTb STKOOMEBOI MaTpu-
upt J = 9(y,y)/0(x2,w), rje npousBoaHble 0T u3MepsieMoil dbyukuun y(t) = x1(t)
B3ATbl B CHJLy CHUCTEMBI . Tax kak detJ = —2wzxj, TO cucTeMa CTAHOBUTCS
HeugeHTuduUpyemoit nupu x1(t) = 0.

Ucrionb3yeMblii 1OAX0/1 IIPEIIIOIAraeT MOy YeHne aCUMIITOTHIECKUX OIEHOK.
B cBsizu ¢ Tem, 4TO yCaoBus uIeHTH(MOUITPYEMOCTH HAPYIIAIOTCS HA JTUCKPETHOM
MHO2KECTBE MOMEHTOB BPEMEHU, MPEJJIAraeMblil HUKe aJIlOPUTM OIeHUBAHUS OY-
JIET WCIIOJIB30BAH JJIsi TOCJIEOBATEIFHOIO YIIYUIIECHUS OIEHOK HEHU3BECTHBIX Ha
naoTrepBaJiaxX 3HAKOIIOCTOAHCTBA BBIXOJIa l’l(t)

CuHTe3 JONOJIHUTEJIbHBIX COOTHONIEHUI B 33Jiade OIpe/eJIeHus Xa-
pakTepuctuk ocrmisitopa Ban Hep Ilossi. s perenne 3amadau HabII0/1e-
HUs U UJeHTUDUKAIMT UCIIOJIb3yeM METO/I CHHTE3a NHBAPUAHTHBIX COOTHOIIEHUIA,
[TO3BOJISIFOIIETO MTOJIyYaTh B Ipolecce (pYHKIIMOHUPOBAHUSI CUCTEMBI aCHMIITOTH-
YecKue OleHKN Hen3BecTHbIX. CyTh JIAHHOTO IMOJIXOJA COCTOUT B JUHAMHYIECKOM
PaCIIUPEHUN UCXOJIHON cucTteMbl quddepeHnualbHbIX yPABHEHUM YpaBHEHU-
AMHU , rJie P PABHO 2 — YHCJIy HEU3BECTHDLIX: (DYHKIUU T2(f) U HOCTOSTHHON w.
[Tpu sTom npasbie yactu U (&, 1) noadbuparorcs TakuM 00pa3oM, 4To0bI T0JIy YeH-
Has paclupeHnHas cucrema JuddepeHInalbHbIX ypaBHEHM , JIOTLYCKAJIa
ceMeificTBO MHBAPUAHTHBIX COOTHOIICHUIT

Fi(x1,29,6,w) =0, i = 1,2, (4)

CO CJIEJIYIOIIMMU CBONCTBAMU:

1) CoorHomntenust GOPMUPYIOT ITOIOJIHUTEIBHBIE HE3ABIUCUMBIC YDABHEHUS
F1,Fp) 9.

0
JIJIsI HEM3BECTHBIX, T.€. rank 8( ;

(w2w)
2) CoorBercrBylolee uHBapuaHTHOe MHOroobpasue M = {(z1,x2,{,w) C

RY . Fiy(x1,79,&,w) = 0, i = 1,2} obmagaer cBOHCTBOM TJIOGATBHOTO MPHTS-
2KeHHs1 JyIst JIo0bIX pemenuii pacmupentoii cucremst (2)),(3). Mubmvum ciaopamu na

JTIOOBIX PEITEeHMSTX

tli}I&E(l’l(t),lEQ(t),g(t),w) = 07 L= 1a2
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CuHTe3 J0NOJIHUTEJIbHBbIX cooTHOomIeHui. [lokarkem, 9To mj1s1 paccmar-
prBaeMO 3a71a9M COOTHOIIEHNS BUIA CYIIECTBYIOT.

H10o6bI cBOIICTBO 1) GBLIO BBIIOJHEHO BO BCell paccmarpuBaeMoil obsiactu Oy-
JeM UCKaThb UX B BUJIE

Fi(z1,29,&w) =29 — & — Vi(x1) =0,

)
FZ(x1a$27£aw):("‘)2_62_@2(1'1):07 ( )

rue nepemennbie &1 (t), Eo(t) ABsiIOTCS pereHusiMu crucTeMbl uddepeHimaabHbIX
ypasuenuit (3). Ha dbynkmmn Wi (z1), Wa(x1), Ur(&1, 62, 21), U2(&1, &2, 21) 1oKa ne
HaKJIa/bIBaeM HUKAKUX ONpaHUYIeHUil, KpoMe TpeboBaHUs HENPEPBLIBHOI 1udde-
PEHIIUPYEeMOCTHU IO CBOMM apryMenTam. Ecim 3tu HyHKINM BBIOpAHLI TaK, YTO
COOTHOIIIEHUST CTAHOBUTCS MHBAPUAHTHBIME HA PACCMATPUBAEMOM DEINEHHH,
TO TOrJia HEW3BeCTHbIE Ta(t),w MOryT ObITh HalileHbl HENOCPEJCTBEHHO M3 pa-
BeHCTB (D).

YrBepxkaeuue 1. st mo6bix nuddepennupyembix dyakmmit ¥y (z1), Ya(xq)
cymecrBytor yupasienust Uy (&1,E&2, 1), Ua(&1, &2, 1) Takue, 9TO paBEHCTBA
BBITIOJIHSIIOTCS TOXKJIECTBEHHO HA& HEKOTOPBIX PEIIEHUSIX PACITUPEHHONW CUCTEMbI
muddepennmaababx ypasaeruit ((2f),(3]).

Jlokasamenvcmeo.BesieM lepeMeHHbIe £1, €2, KOTOPBIE XapaKTePU3YIOT HEBSI3-

Ky B dopmysax () Ha peleHnsIx cucTeMbl ,.
za(t) = &1(t) — Wi(z1(t) =1, w® —&at) — Walz1(t) = 2. (6)

Cretaem B ypaBHEHUSIX sameny nepemensbix. [lepeiigem o dbopmynam (6) or
TIEPEMEHHBIX T2, w? K IIepeMEeHHBIM £1, £2 cooTBeTcTBenno. Anddepenmupys (6)) B

CUWJIy CHUCTEMBI ,, noydaeM JauddepeHnuaibable YPaBHEHUS JJisl OTKJIOHE-
HU

e1=-Ui+ (e1+& + ¥i(x1)) [(M(l - x%) - \I’/l] —z1(e2 + & + Ya(21)),
gy = —Uy — Wh(&1 +e1 + Uy (x1)),

re 3uaKk | ozHadaer jauddepeHnupoBanue mo nepeMeHHoil 1.

Yro0bI paBeHCTBA BBITIOJIHAIUCH TOXKJIECTBEHHO HA HEKOTOPBIX PEIleHU-
SIX cUCTeMbl TuddepeHnna bHbIX YPaBHEHU T ,, JOCTATOYHO TOKa3aThb, UYTO
cucrema juddepeHmaabHbx ypaBHenuii (7)) jomyckaeT TpUBHAIBHOE DeEIeHre
El(t) = 62(t) =0.

st sToro dbukcupyeM Buj mpaBbix dacteit (3), a UMeHHO: JIsI JTIOOBIX
Uy (x1), Yo(z1) momoxum

Ur(&1,&,71) = [p(1 — 27) — W1/ (21)](& + Va(21)) — (b2 + Ya(z1))m1,
Ua(&1, 6, 1) = =o' (1) (&1 + Wi (1))

B pesynbrare cucrema auddepeHITUANILHBIX yPABHEHUN I OTKJIOHEHUMN
€1,E€2 CTAHOBUTCA OJTHOPOITHON

(7)

(8)

€1 = [u(l —27) — U1/ (z1)]er — 2182,
gy = —Uy/(x1)eq,

(9)
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a 3HAYUT JIOIYCKAET TPUBUAJIBHOE PeIleHne. Y TBep:K/IeHUe JJOKA3aHO.

Taxum 06pazoM, MOKHO yTBEPXKIATh, 9TO JJisi JIIOOBIX muddepeHnnpyeMbix
dbyukumit ¥y (z1), Vo(r1) navanbusie suavenus £1(0),&2(0) B 3amaue Komm st
muddepeHnnaabHbIX YPABHEHUH MOT'yT OBITh BBIOPAHBI TAKUM 0OPa30M, UTO B
MoMeHT t = 0 popmyinl ([5)) CTAHOBATCH BEPHLIMU PaBeHCTBaMU. B 4acTHOCTH, 3TO
O3HAYAET, YTO HadasbHble 3HadeHust it oTKIoHeHui €1(0) = £2(0) = 0. B sTom
cirydae paBeHCTBa (D)) Ha TPAEKTOPUN PACIITUPEHHON CUCTEMBI , BBIIIOJIHSIOT-
¢ TOXKJIECTBEHHO, 0Opasyst, TEM CAMbBIM, CUCTEMY JIOTTOJTHUTEHHBIX COOTHOIIEHNTH,
B KOTODBIX €JIMHCTBEHHBIMI HEM3BECTHBIMU OCTAIOTCS Xo(t), w.

B obmiem ciyuaae ocymectButh Takoit Bei6op £1(0), £2(0) He ymaercs, HOCKOIb-
KY JIJIsI 9TOT0 HeOOXoAMMO 3HATE 3HadeHus £2(0), w, KOTOpbIe, COOCTBEHHO, W SBJIsi-
IOTCsI KICKOMBIMHU BeJimauHaMu. J1jist Toro, 4robbl UCH0Ib30BaTh (hOpMyJIb ([5)) [1st
oreHkn xa(t),w Ha JIIOOOM PEIIEHUN CHCTEMBI , TpebyeTcss U3 MHOMXKECTBA
dyukuumit Uy (z1), Yo(x1) BoIOpaTh Takue, P KOTOPBIX TPUBHAJIBHOE PEIleHNe
CHUCTEMBI @D 00J18/1a710 OBI CBOWCTBOM TJI00AJILHON aCHUMITOTUYIECKON YyCTOWINBO-
CTH.

Crabuyimsanusa OTKJIOHEHUH OT MHBAPUAHTHOI'O COOTHOIIEHHs. Pac-
cemorpuM 3ajady noabopa dyukimii Wq(x1), ¥a(x1), ocramomumxcst moka cBOOOJI-
HBIMHU, C IEJIBIO CTAOMJIM3AIINN PEITEHN CUCTEMBbI @ Bsenem oboznavenus:

Vi(zr) = p(l —af) = Wi/ (z1), Vo(z1) = =W/ (21), (10)
" IIepenuIiieM CUcCTemy @ B BUJIE

£1 = Vi(z1)e1 — m1€9, (11)
52 = ‘/2(.%1)6 1.

Byznem pacemarpusars dyukiun Vi(z1), Vo(z1) Kak yupasieHusi, ¢ MOMOIIbIO
KOTOPBIX HEOOXOIUMO OOECIIeYnTh TI00AJbHYI0 ACUMIITOTHIECKYIO YCTONIMBOCTD
TpuBnabHOro pemenus cucremst (11)).

ITpu TOCTPOEHMHU CXEMBbI PEIIeHUsT UCXOMHON 3ajaunm OyleT y9IUTBIBATH TOT
dakT, aro mostoxkenue z1(t) Komebiomeiicss Toukn ocnuisitopa Ban aep losst
IPUHAMAET HyJIEBble 3HAMECHUS JIUIIb Ha JUCKPETHOM MHOYKECTBE U30JIMPOBAHHBIX
MOMEHTOB BpeMeH# t;,7 = 1,2, ..., KOTopoe He UMeeT IpeiebHoit Touku. CoriacHo
ClIeTTAaHOMY 3aMEeYaHuIo K 3a/1a4e 1, Oy1eM IIPOBOJAUTD MOC/IeI0BATEIbHOE YTy dIIe-
HI€ OIIEHOK HEM3BECTHBIX Ha OTKPBHITHIX nuTepBanax (0,t1), (t1,t2), ..., Ha KaKI0M
U3 KOTOPBIX BBIXOJ OTJIMYEH OT HYJIA.

OmnwuiemM cxeMy MMOCTPOEHHsT Ha OTJIEIBbHO B3siTOM MHTepBaJie. [lycrs ¢ € T; =
(ti,ti+1), o6o3Haunm k = sign x1(t), t € T;. B kauecTBe cTabUIM3UPYOMUX YIIPAB-
JieHnii Bo3bMeM (pyHKIUN

Vi(z1) = alz1|, Va(z1) = Blz], (12)

rae «, 8 — HeKOTOpbIe MMOCTOAHHBIE. [Ipy 9TUX yIpaB/IeHUSIX CHCTEMa @D IPUHN-
MaeT BUJ

€1 = |z1|(cer — keg),

13
€9 = |x1|Ber. (13)
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ITockosIbKY TOJIOKUTEIbHAST BeJmInHa |21 ()| sBIIseTCs CKANSPHBIM MHOMKH-
TeJleM IpH PaBbIX dacTsx cucreMsl (13), To ee TpaekTOpUM I HAIpABIIEHHE [BH-
JKEHNISI COBIAJAIOT C COOTBETCTBYIOIIMMI TPACKTOPUSIMU ¥ HAIIPABJICHUEM IIOJISI
copocTeil cucTeMbl JIHHEHHBIX Aud depeHnnaIbHbIX yPABHEHHH € OCTOSTHHBIME
KO3 PpurmenTaMm

= any — kng,
2 = 1.

IIycte A1 < 0,A2 < 0 — KOpHEH XapaKTEPUCTUUIECKOI'O YDPABHEHUS CHUCTE-
MBI , Torga, mo TeopeMe Buera, o = A1 + Ao, 8 = kAAe. Oboznauus
A = max{A1, A2}, nosydaem, UTO pelieHusi CUCTEMbI CTPEMSITCS K HYJIIO C
[oKa3are/ieM 3aTyXaHUs, PABHBIM A:

Vm?+mn? = O(eAt)

Taxkoii ke xapakTep OyayT uMeTh U perrerus: cucremsl ((13)).

[Mockonbky Vi (x1), Va(x1) onpeesiensl, To paBeHCTBA MOXKEM PaCCMaTPH-
BaTh Kak auddepeniaibable ypaBHeHNs 1Tt HCKOMBIX (yuknumit Wi (z1), Ua(zy),
dopMupyomux uaBapuanTthble cootHomenus ([5). DTu ypasHeHHs UMEIOT BU

(14)

Uy = p(l —2}) — akay, W' = —Bka, (15)

Yr106Bl B MOMEHT CMeHbl 3Haka x1(t) npasble dacTu (HOpMYJI OCTaBAJIUCh
HelpPEePbIBHbIMU, YacTHOe pernerue ((15]) BbiGepeM B COOTBETCTBUU C YCJIOBHEM
Uy(0) = ¥y(0) = 0. Torua

x12

Ty () = [uu oty ol

2

B —ka%
=5

(16)

3 ] , Ua(x)

OxoHuaTeILHO nojiydaeM, 9TO (bOpMyJIbI , npeJHa3sHavYCHHbIE JIJId OIICHKH HC-
KOMBIX HEHU3BECTHDLIX, IIPDUHUMAIOT BT

212 alz
To = 51 +CC1 |:M(1 — %) — |21|:| + O(E% +5§),
(17)
2
w? = & — ﬁl;xl + 0(5% + 5%),

rie dbyukuun &1 (t), {o(t) sapisirores pemennen 3a1aun Koy jist BeriomoraTesib-

HOIT cucrembl TuddepeHanbHbIx ypasHenuii (3)), KoTopyio, ¢ yuerom , )
MO2KeM 3alluCaTb B BUJC

i
&G =aolr| |G+ pe(1— —

3)

B akx? Bkx?

5 ]—(52— 5 )L

. 2 2
&2 = Blr] [61 + pwy (1 — %) — a];xl] _
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Vpasuenns (17)),(18), oupenensior cemeiictso HabmomaTesell, TapaMeTpuUs0-
BaHHOE IOCTOSIHHBIMU & = A1 + Ao, B = kA Ay U HaYaJbHBIMH YCJIOBUSIMU
£1(0),£2(0). TIpu sTom KaxkIplii u3 3Tux Hab/HOHATE e, IPU OTPUIATETHHBIX
A1, A2, obecrieynBaeT aCUMITOTUYECKOE OIEHMBAHNE MCKOMBIX HEU3BECTHBIX: IIe-
peMeHHOl x2(t) u mapameTpa w.

Cucrema CBA3aHHBIX OCIHUAJIJIATOPOB. PaccMOTpuM Terieps MEXaHUIECKY O
MOJIESTb CUCTEMBI, COCTABIEHHYI0 n3 n ocruiaropos Bau mep Iloms. Ilpen-
[IOJIAraeTCsI, UTO IOJIOXKEHNE KAaXKJIOI0 W3 OCIUJIJISITOPOB JOCTYITHO U3MEPEHUIO
yi(t) = x1;(t) u oHM coeMHEHBI MEXKLy COOON YUPYIUMU CBSI3sIMU C JIMHEHHBIMU
JKECTKOCTAMU Kjj, 1,] = 1,n. CucreMbl TaKOrO pOjia HCIIOIL3YIOTCA B MEIUKO-
O6UOOTMIECKUX UCCIeOBAHNAX. B qacTHOCTH, ciiydaif n = 2 ONHUCHIBAET PaCIpO-
CTpaHEHHYIO MOJIEJIb CEPIETHON JIeSITEIBHOCTH, & 1 = 3 MOJIEJIb XOIBObI UYeIOBEKA
[1]. YpaBrenus ABurKeHHsT CHCTEMBI HMEIOT B

Til = T2,

n
Tio = —wi?xin 4+ pi(1 — 230 + Z kij(xj1 — xin), (19)
=1

Yi = Ti1, ©=1,n.
Bagadga 2. Haiitn acuMITOTHYECKH TOYHBIE OIICHKN EPEMEHHDIX X492 (t) U mma-
pameTpoB w; cuctembl ([19)) Mo m3BecTHHIM 3HAaUeHUAM BhIXOMA T4 (t), i = 1, 7.

Pemenne 3amagn 2 mpoBeeM 1o ONMMCAHHON BbIIe cxeMe. IIpeacraBum Hems-
BECTHBIE B BHUJIE CYMMBbI HEOIIPEAEJICHHBIX BEJIMYNH

wia(t) = & (t) + Wir (w41 (t)) + €a1(2),

wi = &a(t) + Vin(aa (t)) + e2(t), (20)

rae €;;(t) — coorBeTcTBYyIOMME OTKIOHEHN:, &;;(t) — pemtenne 3amaan Komm s
cuctembl quddepeHnuaibHbIX YpaBHEHUT

&ij = Uij(&ijo w11, @21, oy Tp1), &5(0) =&, €R, i=T,m, j=1,2. (21)

[Tpasbie actu cucremsl (21) M0JZKHBI 3aBUCETH TOJIBKO JIUIIb OT W3BECTHBIX
Besimund. B kadecrse yupasiennit U;(&;, x11, Z21, ..., Tn1) BO3bMEM (DyHKIMN

Ui = [pi(1 — 23) — Ua'] (&1 + Vi) — (&2 + Tin)zi + Z kij(zj1 — x41),

=1 (22)

Uig = =W (&1 + V1) i = 1,n.

B pesynbrare mosyuaem st OTKJIOHEHUN 1 OJHOTUIHBIX cucTeM auddepen-
IUaJbHBIX YPaBHEHWH BUIa @D

en = [ui(1 — x3) — Ua'len — agio,

. / .
gio = —Vio'gs1, t=1,n.

(23)
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Ucnonb3ys Haiinennble panee pemenns (11), 3anumem ypaBHeHUs] HaOJIIO/1a-
TeJIsT CKOpOCTel cucTeMbl 1 ocimasitopoB Ban mep [lomsa
2
x; oz |
il ?
Tig =& +xa (p(l— =) — ——|,
3 2
2
Bkxs T
2 9y

(24)
wiZ = Eig —

rie dyuxyn &1 (), £i2(t) aBasorcs permenneM 3a1a4uu Kormn jist BComoraTesib-
HO#t cucTeMbl auddepeHInaabHbIX yPaBHEHNIA

2
Li1
3

2 2
 akah Bkx:

i1 = alza| [Eu + piran (1 — %) 5 ] —xi1(&i2 — T) + Zk‘ij(le — 1),
j=1

2 2
iy _ O‘kxil] i=T1n
)

Eio = Blwal [&'1 + pizin (1 — 3 ) 5 =1,n.

(25)

Yucaennoe MmozeaupoBanue. IIpennoykenHast B pabore cxema ObLIa UHC-
JIEHHO MPOMO/IEJIUPOBAHA, JIjIs MMUPOKOTO CIIEKTPa HAYAJbHBIX YCJOBHUIl M Iapa-
MeTpoB cucreMbl (1). Pe3yiabrarsl 0{HOrO U3 BADUAHTOB CU€TA JJIs OTIEIBHO B3si-
toro ocimuisitopa Bau [ep Ilosst mpuBenensl Ha pucynke. B kadecTse usBect-
HOT'O BBIXOJIa CUCTEMBI (2) B3siTa KoopiauHaTa 21(t) — YMCIeHHOE pelleHne CUCTe-
MBI (2) ¢ HagambHbiMu yesoBusimu o1(0) = 2.5; x2(0) = —5.0 u napamerpamu
w = 2.0; p = 1.5. Hauajabuble yc/IOBUS i PENIEHUH BCIIOMOTraTEeIbLHON CHCTe-
MBI paBubl {19 = —1.0; &9 = 2.0. [Tapamerpsl, perysmpyomniue CKOPOCTh
cxomumocTr: A1 = —1.0; Ay = —1.3.

Xa(t)

Puc. AcuMnrornyueckoe oreHUBaHNe lIepeMeHHoil zo(t) 1 mapamerpa w?

Ha pucynke nckomble BeJIMIMHBL: KoopanHaTa xo(t), HaiileHHast B pe3yJIbTrare
YHCJEeHHOIO WHTEerpupoBanus ypapuenust Ban mep Ilonst u mapamerp w? (uz06pa-
JKEHBI HEIPEPBIBHBIMU JIMHUSIMHI) COITOCTABJICHBI C MX OICHKAMH (TOYEUHBIE KPHU-
Bbl€), [OJIyUYeHHBIMU 110 (hOPMyJIam .

PesynbraThl 9uCIEHHOTO MOJEIUPOBAHUS MOKA3BIBAIOT PabOTOCIOCOOHOCTH
[IPEIJI0’KEHHOTO CITIOCODa PeIeHus 3a,/1a9u HabJIIOMeHNs] CKOPOCTH U UIeHTU(UKA-
MU [TapaMerpa, XapaKTepPU3yIero 1acToTy Kojebanuil ociunisitropa Bar maep
[Tosrsi. B cuuty Toro, 9ro pelneHne COOTBETCTBYIOIIEH 3aa9n 2 CBOIUTCS K CHCTE-

M€ U3 1 CUCTEM ,, AHAJIOI'MYHBIX ,, IOI00HOE YTBEPK ICHUE BEPHO

U JIJIsT aHCAaMOJIsT CBA3AHHBIX MEXKJLy COOON OCITUJLISITOPOB.
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We study the behavior of solutions of parabolic equation with double
nonlinearity and a degenerate absorption term.

The main topic of interest is the property of finite time extinction, i.e., the
solution vanish after finite time.
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1. Introduction

The theory of quasilinear parabolic equations has been developed since the
50-s of the 19th century. The properties of these equations differ greatly from
those of linear equations. These differences were revealed in the scientific papers
of the mathematicians: Barenblatt G. I., Oleinic O. A., Kalashnikov A. S., Zhou
Yu Lin and others. The properties under consideration are the final velocity of
propagation of the support of the solutions, time compact support property and
long-time extinction of solutions in finite time and so on. Hundreds of outstanding
scientists all over the world closely scrutinize these properties (V. A. Kondratiev,
G. A. losif’yan, E. V. Radkevich, J. I. Diaz, L. Veron, A. E. Shishkov, B. Helffer,
Y. Belaud, M. Fila, D. Andreucci, V. Vespri, A.F. Tedeev and others). The most
important aspect of such investigations is the description of structural conditions
affecting the appearance and disappearance of various non-linear phenomena.

Our investigations are devoted to the study of the extinction of solutions
in finite time to initial-boundary value problems for a wide classes of nonlinear
parabolic equations of the second orders with a degenerate absorption potential,
whose presence plays a significant role for the mentioned nonlinear phenomenon.

This paper is organized as follows:
(1) Introduction.
(2) Brief history of the problem.
(3) The problem statement.
(4) Main Result.
(5) The proof of main result.
(6) Appendix.
Acknowledgements.
References.

2. Brief history of the problem

As well known the extinction property means that any solution of the
mentioned equation vanishes in € in a finite time.

The questions of a detailed characterization of the effect of extinction of
a solution (estimates of the extinction time, asymptotic behavior near the
extinction time, etc.) for various classes of semilinear parabolic equations of
the diffusion—absorption type were studied in many works (see, e.g., [1]-[6] and
references therein). For example, for the following equation

A — Au+ ag(z)u* = 0,

the extinction property in a finite time was studied by several authors. In fact this
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type of equation is a simple model to understand some phenomelogical properties
of nonlinear heat conduction.

e [t is well-known that in case of non-degenerate absorption potential, i.e.,
when ag(z) > ¢ = const > 0

the solution wu(¢,z) of parabolic equation of non-stationary diffusion with
double nonlinearity and a degenerate absorption term vanishes for

—A
luoll

>TH = ——===
b=do=a_yy

where wg is initial data from Cauchy condition. This fact was proved by
J. Diaz, L. Veron, S. Antontsev, S.I. Shmarev (see, for example, works [7]
and []]).

It is very important to note here, that on the opposite (see papers of
M. Cwikel [9], L. Evans, B. Gidas), if we assume that absorption potential
is identically equal to zero: ag(z) = 0 for any = from some connected open
subset w C €2, then there exists solution which never vanish on whole €2, as
any solution u(z,t) of corresponding equation

Ou—Au=0 in wx (0,00)
is bounded from below by
o exp(—tAu)pu(r) on w x (0,00),

where

o = essinfug > 0,
w

Aw and ¢, are first eigenvalue and corresponding eigenfunction of —A in
Wy ().

Obviously, that between those two cases there exists a wide class of
situations. Thus, an open problem is to find sharp border which distinguish
two different properties.

e The paper [10] V.A. Kondratiev and L. Veron must be considered as the
first one where the extinction-property in a finite time was systematically
investigated for a semilinear parabolic equation in the case of a non-constant
strong absorption term, depending both on the media and the temperature
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u (i.e. in the case of general potential ag > 0)). They used the fundamental
states of the associated Schrodinger operator

Ly, = inf { / (V| + 2"ag(x)y?) dz -
Q
Y e WHE(Q), / Ve = 1}, n € N,
Q

and proved that, if
0.0
> it () < 0o,
n=0

then Cauchy-Neumann problem for non-stationary diffusion with absorption
term with possesses the extinction property.

But, unfortunately, under this form obtained result is not easy to apply.

Y. Belaud, B. Helffer and L. Veron [II] obtained an explicit sufficient
condition in the term of potential ag(z) which imply that any solution of
above equations (with 0 < A < 1) vanishes in finite time. In the work [11]
also establish a series of sufficient conditions on ag(x) which imply that any
supersolution with positive initial data does not to vanish identically for
any positive t. The method in [I1] was based on the so-called semiclassical
analysis [12], which uses sharp estimates of the spectrum of some Shrédinger
operators and it was also assumed that solution has a certain regularity (as,
in particular, in their approach the exact upper estimates of |[u(t, )| ()
were used). Unfortunately, such an estimate is difficult to obtain or just
is unknown for solutions of equations of more general structure than we
considered above.

A. Shishkov and Y. Belaud (see the paper [13]) were the first who
investigated the initial-boundary-value problem to mentioned above equation
with degenerated absorption potential with the help of two different
methods. The first one is a variant of a local energy method (for a radial
potential), which uses no "additional” properties of regularity of solutions.
And the second one is derive from semiclassical limits of some Shrodinger
operators (for any degenerate potential).

So, in this article we consider the behavior of solutions for a much more general

class of nonlinear equations which need not satisfy any comparison principle
between solutions, namely we study the parabolic equation of non-stationary
diffusion with double nonlinearity and a degenerate absorption term:

(Jul" ), — Z 0 <|qu]q1§m> +ao(@)utu=0 in Qx(0,7),

i—1 81‘1 €Ty



Bicuuk XHY, Cep."Maremaruka, npukiaHa MaremaTuka i Mmexanika”, tom 84 (2016) 35

where € is bounded domain in RV, N > 1,0 € Q, ag(z) > dp exp( — \O;(I!ﬂ%)’ T €

Q\ {0}, do = const > 0,0 < X< q, w(-) € C([0,+0)), w(0) =0, w(r) > 0 when
7 > 0. Modifying the semiclassical analysis [I3] and [14], we obtain a condition
on the function w(-) that ensures the extinction.

3. The problem statement

Let Q is C! a bounded connected open set of RV (N > 1). The aim of
this paper is to investigate the time vanishing properties for energy solutions
to initial-boundary value problems for the quasi-linear parabolic equation with
neutral diffusion:

N
(lul=u), — 3 5 (iv ufi1 3“) T ap(@) = 0 in © x (0, +00),

i=1
3.1
gZ:Oon(‘?Qx [0, +00), (3:1)

u(z,0) = up(z) on .
The parameters of the equation satisfy the following relationships:
0 < X\ < g, the absorption potential ag(x) is a non-negative continuous function,

and ug € Lg+1(€2). It is assumed also that the origin 0 belongs to € and that
ap(x) degenerates at the origin.

Definition 1 Following [15], an energy solution of problem (3.1) is the function
U(ta $) S Lq-l—l,loc([ov +OO)§ qu-i-l(Q))
such that:

0
ot
and satisfying the following integral identity:

[ e [ (Zm 22+ ao(alluP ) dadt =0

for arbitrary o(t,x) € Lgt1,10c([0, +00); Wqul(Q)) VT < +o0.

(017 0) € Lass 110, F00); (Wpa (@), u(0,2) = ofa)

In the integral equality of Definition |1}, (-,-) stands for the bilinear operation of
pairing of elements of the space V and its dual V*. We note that the existence
of an energy (weak) solution of problem (3.1]) follows from results in [16].

Definition 2 If for any solution wu(xz,t) of the mentioned problem exist
0 < T < 400 such that u(x,t) = 0 a.e. in Q YVt > T, then solution vanishes
m ) in a finite time.



36 K. Stiepanova

Let for an arbitrary potential ag(z) from (3.1) exist radial minorant

ap(z) > doy exp( - T;ﬂ‘(ﬁz) =a(|z|]) Vo €Q, dy=const >0, (3.2)

where w(-) is a continuous function on [0, +00), that is a continuously differentiable
on the (0, +00), a nondecreasing function. We also suppose that function w(s) from
condition (3.2 satisfies the conditions:

(A)  w(r)>0 Vr >0,

(C)  w(r) <wy=const <oo VreRL
4. Main Result
The main result of the present work is the following theorem.

Theorem 1 Let 0 < X < q in equation from (3.1)), initial data uo(x) € Lgt1(£2),
function w(-) from (3.2) satisfy assumptions (A), (B), (C) and the main condition

of Dini type:
/ (T)dT < 00. (4.1)
T

0+

Suppose also that w(-) satisfies the following technical condition
w(r) > 71170 Y1 e (0,7), 0<6<q. (4.2)

Then an arbitrary energy solution u(x,t) of the problem (3.1) vanishes in finite
time.

Note, that Theorem [] is a generalization of the corresponding statement, which
was obtained in [I3] and coincides with it under ¢ = 1. In addition, also note
here that result, which was obtained in [I7] by a local energy estimates (where
the author established a condition of the Dini type for the function w(-):

C

/W(T)dr< 00,

T
0

ensuring the extinction of an arbitrary solution in a finite time, was found as
well) coincides with Theorem [I| of this article. But on the contrary with [I7] the
proof here is carried out by using a different technique — in the spirit of paper
[13]. As we noticed above the proof of Theorem [1|is based on some variant of the
semi-classical analysis, which was developed, particulary in [I8] [19) 0] 12} 1T [13].
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5. The proof of main result

First, we introduce for A > 0 and a > 0 the following spectral characteristics:

A1(h) = inf { / (Vo|itt 4+ =@ g (|2 o)t do v e WHITL(Q),
Q

V[l L1 0) = 1},

and
We define

or equivalently
z=a(r(z)) and p(z) = z(r(2))?" for z small enough.
Scheme of the proof:

1) The first step in the proof of Theorem [1]is the two-side estimation of p~!
in a neighbourhood of zero.

2) We will use the following statement for spectral characteristics Aj(h).

Lemma B (Corollaries 2.28, 2.31 in [14]) Under assumptions (A)—(C) and (4.2)),
there exist four positives constants C1, Co, C3 and Cy such that

Clh_(q+1)p_1(02hq+l) < A\i(h) < Cgh_(q+1)p_1(04hq+1)

for h > 0 small enough.

3) Then, due to the two-side estimation of p~! from first step of our proof,

g—X
we continue inequality in Lemma B for h = a7 .

4) Finally, we will check up that the condition from the following Theorem is
satisfies:

Theorem BHV (Theorem 2.2 in [I1], p. 50). Under assumptions (A) — (C), if
there exists a decreasing sequence (ay,) of positive real numbers such that

:ZO‘; oy (e + 1 (25 ) 1) < hoe,

then an arbitrary energy solution u(x,t) of the problem vanishes in finite
time.
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Lemma 1 Under assumptions (A)-(C) and (4.2]) there holds

-1

() )] oo
gsln(dso> w (m(ldo)) , (5.1)

for arbitrary v > 0, for all s > 0 small enough.

Proof:
Since w is a nondecreasing function, from Lemma [4fit follows that

1 : w Q%
(m(@)) surn=se (())

Therefore, substituting the definition of w(r) (see (6.3)), we obtain

1 ' q d, w Q%
’ (ln <C?>) = <ZO> = (ln (ZZO)) |

1 1 ’ g+1 1 w i
o\ te) )= )

It follows the estimate for p(2) (as p(z) = z(r(2))9*! for z small enough):

1 1 ' 1 w o
wtey (o) )= =tarlG) ) o

By an easy calculation, we have

p(z)ln<?> o (mzjzzo))w <z<

or

=
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Let here and further p~1(s) = 2. Substituting z = p~1(s) in (5.3) yields

1 -1
q+1

-1

=

p=t(s)

In consideration of such fact, that from (5.2]), we have for z small enough, p(z) > z,
which gives p~1(s) < s. Since w(-) is a nondecreasing function, due to (6.4)), we
get,

_1
q+1

d
s () o | |2~ <pls) <
s 1++ hl< do )

-
s THy

=

which completes the proof. O

Now let us prove the two-sided estimate for p(a).

Lemma 2 Under assumptions (A)—(C) and (4.2)), there exist positives constants
KY, K and K¥ such that

K!'In <;> w (&) < pa) < KUIn (i) i (5.4)

for a > 0 small enough.

Proof: Due to the two-side estimation of p=! (5.1)) from Lemma [1] (it was the
Y

first point of our proof), we continue inequality in Lemma B for h = oz(é?, and
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we get
-1
d K
Kiln <°1> . < Mi(h) <
Caha* do g+
(1n (e

do 1

< Ksln| ———
> nAzin <C4hq+1> do

and since w™!(r) < r~ (@19 due to ([{.2):

-1
1

—(g+1-9)

1

w T <
(n ()

Let us consider the right side of inequality:

—(g+1-9)

wmyy) e

D\ o hett

as a result:

finally, we have

do K2
Kl In <CW> w . 1
0

which leads to

s (3) [+ () onmgn (D)

S

(in ()

)

-1

do
C4hq+1
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The real number « is defined by

and thus we complete the proof. O

Lemma 3 Under (A) — (C) with (4.2)), if

o)
Z (nlnn)a (56)

< 400,
n

n=ng

then all solutions of (3.1) vanish in a finite time. Moreover,

= () w(z) 5.7

X
<+oo<:>/ —dr < +00.
n 0+ X

n=ng

Proof:
From Theorem BHV, if () is a decreasing sequence of positive real numbers
and

C//
w 2

5 LI (1) o (22) 1] <o

then all the solutions of (3.1]) vanish in a finite time.

Let ay, = n~ " for some K > 0, then:

because

1
In <ln ()) ~In(Knlnn) =Inn+Inlnn+In K << Inn+Inn+const ~ Inn,
an

and

ln( an ) =—Knlnn+ K(n+1)ln(n+1) =

n—+1
n

1
= Knln( )+ Kln(n+1)~Kn—+ Klnn ~ Klnn,
n
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and, obviously,
1 =o(lnn),

which leads us to ([5.6)).

Let’s show that (5.7)) is true. In fact, it is easy to see that

1 1
w\| ———— W\ ————
Ef <wmm#h><<+m /*” Qﬂmw%>
t
no

dt < +o0.
n
n=ng
Now, let
1
x = (tlnt) a1,
then
1 Int+1 dt
der = — — - —,
(¢+1)(tlnt)an It ¢
since
Int —1 t— +
as 00
Int+1 ’
hence

toe® ( > w(a)
/ _\EWOT/ g s finite if and only if (q+ 1)/ —dr < 400,
n 0

0 t x

which completes the proof of our main Theorem. O

6. Appendix

Lemma 4 Let the function w(-) from (3.2) satisfy (A)-(C) and technical
condition ({4.2). Then for z = a(r(z)) > 0 small enough it is true the following
estimate:

1 _1
5 q+1
1 wo

@) T ey
Proof:

Starting from condition (#.2)) (w(7) > 79710V 7 € (0,79), 0 < § < ¢) and just
using assumption (C) on the function w(-) (w() < wy = const < oo V7 € RL) we
easily arrive at

(6.1)

rIt1=0 < () < wo. (6.2)
Since for z = a(r(z)), from (3.2)):

w(r(z))

a(r(z)) = do exp( - W

), dg = const > 0,
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it follows that
then

which equivalently

So, we conclude that

z

d
w(r(z)) = (r(2))4 1 In <0> . (6.3)
Due to (6.2) and (6.3)) it is easy to see the relationship
d
r(z)qﬂf‘s < (r(2))? In <0> < wy,
z

which completes the proof of Lemma [4] because the last one means:

T(Z)qulf&

IN

()™

and

This fact give us

1
< (r(2))°
In (d?(’)
and y
(r(2))7*! < u respectively.
(9
Hence,
1
1 g w q+1
——— | <r(z) and r(z)< 0
In (%) In <dz—°)
O

Lemma 5 Let the function w(-) from (3.2) satisfy (A)-(C) and technical
condition (4.2). Then the following inequality hold for any v = cont > 0:

1

p(s) < s, (6.4)
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Proof: By using (6.1) and p(z) = z(r(2))?H!,

or equivalently,

() <m (1) 5 (n (2))

Due to
In(In(z71)) << Inz™! for z small enough,
we obtain
1 1 1+ -1 e
In Fe) <A+y)n(=-)<=plz)>2z"7 = p (s) <sT+, (6.5)
p(z z

which completes the proof of Lemma [5| O
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PaccmarpuBaeTcd yCcTONYINBOCTH paBHOBECHUS JIBYXCJIOHHON CHCTEMBI HECMe-
MMUBAIOMNXCA HAMArHUYUBAIOIMUXCA JKUJIKOCTEH, pa3JesIeHHBIX TOHKON
TOPU3OHTAJILHON TJIACTUHON ¢ oTBepcTHeM. lIpemioXkeH YHCIEHHDBIH MeTO/T
IIOCTPOEHUsI T'DAHUIIBI OOJIACTH YCTOWYHMBOCTH B IIPOCTPAHCTBE (DU3MIECKUX
ImapaMeTpoB pacCMaTPUBAEMON CHUCTEMBI. B ciiydae KpyroBoro OTBEpPCTHUs
[IPOBEJIEHBI PACYETHI TPAHUIIBI 00JIACTH YCTOWIUBOCTHA U MOJI, HanboJiee ObICTPO
PacTyImuX BO3MYIIICHUN.

Karuesvie caosa: MarHuTHas KUAJKOCTH, PABHOBECHBbIE (DOPMBI, HEYCTOINIH-
BOCTb DAaBHOBECHUSI.

1. /1. Bopucos, C.I.Ilonenyes. Hecriiikicts PoszeHiBeiira B JaBomiaposiii
cucteMi He3MilryBaHUX HaMmaruidyBaHux piguH. Posrisgaerbcs criii-
KIiCTh PiBHOBAru JBOIIAPOBOI CUCTEMH HE3MIITyBAHUX HAMATHIYyBaHUX PiJIAH,
PO3/IIJIEHNX TOHKOIO TOPU30HTAJIBHOIO IJIACTUHOIO 3 OTBOPOM. 3aIIPOIOHOBAHO
YUCEIbHUN MeTOJT TTOOYJIOBU T'paHUIll 00JacTi cTiftkocTi B mpocTopi (izuaHnx
mapamMeTpiB jamHoi cucremu. JIns BUNAIKy KpPYyroBOTO OTBOPY IIPOBEJIEHI
pPO3paxyHKH TpaHUIll 00JacTi CTifKOCT 1 MO, HAROIIBIN IIBUIKO 3POCTAIOUUX
30ypeHb.
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of immiscible ferrofluid. The stability of equilibrium for two-layer system
of immiscible ferrofluids, separated by thin horizontal plate with a hole is
considered. A numerical method for calculation of stability boundary in the
space of dimensionless physical parameters of the system is proposed. In the
case of circular hole the stability boundary and the most rapidly growing
perturbations were calculated.
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BBEJIEHUE

HeycroitunBoCTh TOPU3OHTABLHOTO ¢J10si MarHuTHOH »kujkoctu (MZK) B Bep-
TUKAJBHOM MarHUTHOM TI0JIe (HEYCTOWINBOCTH PO3EHIBENTa) SBIIsIeTCS HHTEPEC-
HBIM [IPUMEPOM IIPOIECCOB caMoopranmsanuu B pusndeckux cucremax. C yBe-
JIMUeHre MarHUTHOTO IIOJISI TOPU30OHTAJbHAs CBoOomHAas moBepxHOocTh MZK, Te-
psisl YCTOMYMBOCTD, CMEHSIETCSI YIIOPSA0YEHHON CTPYKTYPOil KOHYCOOOPA3HbBIX IIH-
KOB C T€KCATrOHAJIbHBIM PACIIOIOXKEHNEM BHYTPHU KPYIJIOit KioBeThl. VccieoBanmio
HeycToYnBOCTH Po3eHIBeiira mocBsmeno 60/IbII0e KOJIUIECTBO TEOPETUIECKIX 1
3KCIIEPUMEHTAIBHBIX PaboT; OMOInOrpaduio 3TUX paboT U U3JIOKEHNE OCHOBHBIX
pe3yJIbTATOB MOXKHO HaiiTn, oOpaTuBIINCh K MOHOI'padusam [1|— .

B paborax 7, BBITIOJTHEHHBIX B TIOC/I€IHEE BPEMSI, YTOUYHEHBI KPUTUIECKIE
3HaYeHUs] WHIYKIUU II0JI, C IIPEBBIEHNEM KOTOPBIX Ha H3HAYAJIbHO ILJIOCKOI
noBepxuoctr M2K 06pa3yiorcst IpoCcTpaHCTBEHHBIE CTPYKTYPDI, OIPEIeIeHbI NH-
KpeMeHThI Hanbosee OBICTPO PACTYIINX BO3MYIIEHHH, IPOBEIEHO COIOCTABICHUE
TEeOPEeTUIeCKNX pe3yﬂbTaTOB C pe3yHbTaTa1\H/I QKCIIEPMMEHTOB 1 YMCJICHHOI'O MO-
e TUPOBAHUSI.

B cunbroM marauTaOM 110J1€ ToHKHE cstion M 2K MoryT pacmagaTbest Ha OTACIb-
HbIE KaIlJIM, PACIIOJIOXKEHHBIE B y3J/1aX MeKcaroHajabHoil pemerku. CrueruduyeckKue
ocobenHoCTH pacmaia ToHKuX ciaoeB M2K uccmenopannchk B paborax ||§| — .

B.HI/IHHI/IQ TOPU30HTaAJIbHOI'O MAarHuMTHOI'O IIOJIA Ha yCTOﬁ‘—IHBOCTb PpaBHOBeECHUA
M2K paccmaTpuBaioch B — . TeopeTnueckn m 3KCIEPUMEHTAIBHO OBLIA
JIOKa3aHa BOBMOXKHOCTH CTAOMJIM3aIINN ITOBEPXHOCTHU pasjiesia JIBYyX HEeCMEITNBa0-
MIUXCA KUJIKOCTEN (BerHI/H‘/’I CJIO — DoJiee TsKesIas X(I/I,ZLKOCTB) BPAITAIONINMC
MAarHUTHBIM ITOJIEM.

OHuM U3 OCHOBHBIX (PaKTOPOB, OIPEIE/IAIONINX IPOIECCHl IePexoia K HOBO-
MY COCTOAHUIO PABHOBECHUS IIPU II0TEPE YCTONYUBOCTH, SBJIACTCS OIPDAHUYCHHOCTD
cBobomHO# mosepxuocT M2K . B nanmoit pabore paccMaTpUBaeTCsT BIUSTHIE
3TOro (bakTopa Ha IPUMEpPE CUCTEMbI HECMEITUBAIONINXCA >KIJIKOCTEH, pa3Ie/eH-
HBIX TOHKOW T'OPH30HTAJbHON ILIACTUHON ¢ oTBepcTueM. [loapobHo mcciemyercs
caydail Kpyrosoro orsepcrus. 11pemjiorkeH MeTo I IIOCTPOECHHS IPAHUIIBI 0OJIACTH
YCTOWYHUBOCTH B IPOCTPAHCTBe (PU3MIECKUX IApaMETPOB PACCMaTpPUBAEMOI CH-
crembl. Haiimenbr Hambosiee OBICTPO pacTyIlue MOIbI BO3MYIIEHMI, OIPEIeIIsio-
e Ha‘{aﬂbHyIO CTa /U0 IBOJIIOIUN CUCTEMBI B 3aKPUTUIECCKOM MardHUTHOM IIOJIE.

1. IIOCTAHOBKA 3AJJAYN

PaccMoTpuM JIBYXCJIOHHYIO CHCTEMY HECMEIIMBAIOIINXCS YKUJKOCTEN, pas/ie-
JIHHBIX MOPU30HTAJIBHOMN TJIACTUHOM ¢ oTBepcTueM (cM. puc.l). Obosnaunm yepes
Q1,9 obnacTn, 3aHNMaeMble HUYKHEH U BepXHEN KUIKOCTSIMHU B COCTOSTHUH PAB-
HoBecust, depe3 {13, )y — mosrybecKOHeUHbIe 0DJIACTH T10J HU2KHEH U HaJl BepXHEi
xKugkoctamu. 1lycts hi, he — TOJIMUHA HIKHETO U BEPXHEIO CJIOEB YKHIKOCTEl,
cooTBeTCTBeHHO. TOJINUHY TUIACTUHBI §, PA3JIESIONICH KUIKOCTH, OyJeM CUu-
TaTh MaJIO 0 CPpABHEHUIO C hi, hg. DTO MO3BOJISIET OTOXKJIECTBJISITH IIJIACTUHY C
ee CpeIMHHOM MOBEPXHOCTHIO, mojiaras & = 0.
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& £2,

le

—_— I —
S = 7
- - T E.ll - =

'[......}3

Puc. 1. K nocranoske 3aga4u

Cpeny B Kaxkmoit u3 obsracreit (2, k € 1,4 OymeM cauTaTh OIHOPOIHO HAMAT-
HrauBalonieiics. CBsI3b MeXK Iy MHIAYKIed B 1 Halps>KeHHOCTbI0 H MarHUTHOIO
nosist B ), 3alMIlIeM B BUJIE

—

B® = piou®(HW)F®  § e T4, (1)

B1eck fig — abCOMIOTHAS MArHUTHAs IpoHmIaeMocts BakyyMa, pF)(H®) — or-
HOCHUTEJIbHAS MarHUTHAs ITPOHUIAEMOCTb k-l cpeabl. DyHKIMM ,u(k) : H —
p®)(H), k = 1,4 npemnonaraiorcs 3ajanubivi. B U Be3Je Jajiee BEPXHMUIA
MHJIEKC B KPYTJIBIX CKOOKaX O3HadYaeT HOMep 00JIacTH, K KOTOPOW OTHOCHUTCS Ta
WM UHAsl BEJIMINHA.

lopuzonTaibHast TOBEPXHOCTD pasfena z = 0 U OIHOPOIHOE MATHUTHOE II0-
e B = Byé, (By = const, €, — OpT BEPTUKAIBHOI OCH 2) OTBEYAIOT OJHOMY U3
BO3MOKHBIX COCTOSTHUI paBHOBeCHUs KHJIKOcTeil. PaccMoTpum aBuXKeHme YKUJIKO-
cTeil BOJIM3KM 5TOI0 PABHOBECHOTO COCTOSIHUSI. BsI3KOCTBIO »KuIKOCTeH OyaeM Impe-
Hebperarh. B 9TOM cirydae 3BoJIIONNS TOBEPXHOCTH pazjesia [ onpesessiercs mo-
TeHIMAIBLHBIME COCTaB/IsomIME onst ckopocreit 7F) = V(9o /ot), k = 1,2,
rie ap(’“) (t, &) — moreHnUAT MAJIBIX CMeleHnil yacTur k-it xugkoctu. O6o3HATUM
gepe3 ((t,r,y) OTKJIOHEHUsI TOBEPXHOCTU [’ OT TOPU3OHTAILHOIO YPOBHs, Yepe3
@b(k) (t,7),k = 1,4 — BO3MyIlIEHUs MOTEHIMAIa MATHUTHOTO mojist B €. B jm-
HEHOM TPUOJIMXKEHUN JIBU2KEHUE YKUJKOCTel BOJIM3U PaBHOBECHOI'O COCTOSIHUSI
OIICBHIBAETCS CJIEYIOMIEIl CHCTEMOl ypaBHEHH (OTHOCUTENBHO @, (,1)):

AW, 7) =0 B O, kel (2)
oo 9
9z 0z =¢ mal )
M) dp?)

=0 mnaSioUSi3, =0 nHaS12USay; (4)

0z 0z
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9?2 9?2
Mg P pa T o(=Ar+b)¢ — (5)

oy o2
—By <(I1 L4 —q2 Ld =cp(t) naly

0z 0z
(=0 mnadly (6)
div,uk§(k)¢(k) =0, B Q, kel 4 (7)
M) _ @ OETe) oyt oy
P =P = <H0 —Ho ><7 lehw :#2(]2? na I’ (8)
, oY) k) .
oV =9® g — = k=g~ maSip, jk=12,13.24; (9
Y(t, @) — 0 upu |Z] — oo; (10)
0
o =), 5| =Cay) mal (1)
t=0
(k)
_(1=p)9 sw, . tr k) 00)
bim S, VI = V() + ST
(k) g7 (k) (k)
H
g =1+ ad: k) y Mk = N(k)(H(gk)), .LLSL];) = dlu ) ke L, 4.
27 dH k
H=H"

31ech pp — IIOTHOCTD k-1 XKHMJIKOCTH, 0 - KO(DPUIIMEHT TOBEPXHOCTHOIO HATSI-
JKEHHsI Ha [MOBEPXHOCTHU pazjiesa Kuakocreit I'; Hék)(: const) — HAIIPSI)KEHHOCTD
MarHUTHOIO HOJIsA B obsacTu {2 B COCTOAHMHU paBHOBecHs; Sjr — TBeplas IO-
BEPXHOCTB pazjena j—it u k-it obmaacreit; Ar — oneparop Jlammaca ua I'; (Y, ¢!
— HadajbHble OTKJOHEHUS M CKOPOCTH TOYEK IOBEPXHOCTH PAa3/Iesia YKUIKOCTEN,
cr(t) - npousBosibHast byHKIMsS BPEMEHHU t.

Oyuxrws ((t, x,y) TOMKHA YIOBICTBOPITEH YCIOBUIO

/ C(t,z,y)dl =0 Vt>0. (12)
r

YpaBHeHUT — CJIEJICTBUE IOTCHIINAJILHOCTH ABUYKEHI U YCIAOBUS HECZKUMa-
emocTu Kuakocreit. PaBencrsa [IPEJICTABSIOT COOOM JINHEeapU30BaHHbIE KIHE-
MaTHYeCKue yCJIoBHs Ha oBepxHocTh I, paBeHcrsa () — ycsoBus Hemmporumaemo-
CTH TBEPJBbIX HOBEPXHOCTEH, CMOYEHHBIX KUJIKOCTAMU. Y paBHerue (b)) mosydueno
JIMHeapu3anueil TNHAMUYIECKOrO YCIOBUS JJId CKAYKa HOPMAJIbHBIX HAIIPSKCHUN
Ha TOBepXHOCTH I, 00YCJIOBJIEHHOIO KAIMJUISPHBIMYA CHJIAMU U HAMATHUYUBAHU-
eM XKHUIKoCcTell. YcmoBue @ O3HavaeT, 9To0 KOHTYp O, coBmajaomuii ¢ oCcTpoil
KPOMKOM IJIACTUHBI, B [IPOIECCe KOJIEDAHUN KUITKOCTEN OCTACTCS HEIIO/IBUKHBIM.
DTO yCJIOBUE TOATBEPKIALTCST SKCIIEPUMEHTAIBHO JIJIsI JIOCTATOYHO MAJIbIX BHEIII-
HUX BO3MYIIEHU. Y paBHEHUS f [IOJIyYEeHBl JIUHeapusanueil ypaBHeHUul 1
IPaHUYHBIX YCJIOBUH JIJId IIOTEHIIMAJIa MATHUTHOTO II0JIS.
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2. COBCTBEHHHBIE KOJIEBAHUS >KNJIKOCTEN

2.1. OO1ue cBolicTBa CHeKTpPa COOCTBEHHBIX 3HAYE€HUil U COGCTBEH-
HBIX MOJI KoJsiebauuii. CBoOOIHbIE KOTEOAHNS YKIUTKOCTEH OMUCHIBAIOTCS peIlie-
HUSIMU 381291 —, 3aBUCSIIUMEI OT BPEMEHU IO 3aKOHY

(€@, 9) = (C(, ), (), () exp(iwt) (13)

rie ((z,y), (%), Y (Z) — MoapI KosrebaHnit MIOBEPXHOCTH PA3/IeIa, MOTEHIHAIIA CMe-
IIEHU{ 9aCTHI] KUJIKOCTEN U [OTEHIUa a8 BO3MYIIEHUH HAIPS)KEHHOCTH MalHUT-
HOTO 10JIs1, W — Kpyrosast qacrora Konebanuit. [loncrasmuss (13) B (B]), mosrywmu:

oy o2
0z P 0z

= Ap1p — p2p®) mal  (X:=w?).

o(=Ar +0)¢ - Bo | a1

- (14)

Cuaenys [L7], moxkuO nokasars, uro cuexrpaibhas sagada (2)- (10), roe sme-
CTO cJelyeT IPUHSTH YCIOBHE , MMeeT JUCKPeTHBI ciekTp {Ag}re, Be-
IECTBEHHLIX COOCTBEHHLIX 3HAYEHU, BCE COOCTBEHHLIC 3HAYEHHUS A KOHEUHOI
KPaTHOCTH, IIPUIEeM A — +00 Ipu k — 00.

CobcTBenHble 3HAUEHUS A\, Oy/ieM HyMePOBaTh B HOPs/IKE BO3PACTAHUS C yUe-
ToM ux KparHocru. CobCTBEHHBIE MOJbLI KOJIEOAHMI [TOBEPXHOCTH Pa3jiesia, XKHUI-
KocTeif, oTBevatonue A, 0603uadnM depe3 (. AHaJIOrmIHbIe 0OO3HAUEHUS Q) 1
1 BBEJEM JIIsi COOCTBEHHBIX MOJ| IOTEHITHAJIA CMEIEeHNH YaCTUIl *KUJKOCTeH u
noTenipaga MaruuTaoro mosst. Obosnaunm depes H(I') momnpocrpancrso dyHk-
i, OPTOrOHAJIBHBIX KOHCTAHTaM B TuiibbeproBoM npocrpancTse Lo(T). Moxuo
IIOKa3aTh, UTO CHCTeMa coOCTBeHHBIX dyHKmm {(;}7, obpasyer 6asuc B mpo-
crpancree H(I').

JL1s1 IoCTpOEHMST pereHmit PacCMOTPHUM BHAYAJIE BCIIOMOTATEIBHY O CITEK-
TPaJIbHYIO KPAeByIo 3a/ady (OTHOCUTEIbHO u(x,y), v, = const);

—Aru(z,y)+n=vu(z,y) 8 I, wu=0 ma I, / udl =0.  (15)
r

Kaxk uzBectno, 3a1a1a UMeeT JUCKPETHBIN CIIEKTP COOCTBEHHBIX 3HAYEHUH
{vk}32,, BCce cobeTBeHHBIE 3HAYEHUS Vj MOJIOXKHUTEIbHBI, KOHEYHON KDPATHOCTH,
v, — 400 upu k — o0o. CobcrBeHHbIe (DYHKIMK U 00PA3yIOT OPTOTOHAJBHBIIM
basnc {uy}72, B mpocrpancrse H ('),

/ujuk dl' = 0,/ Vru; - vpukdl“ =0 Vj 75 k. (16)
r r

3aech Vp(+) — HOBEpXHOCTHBIN rpajuedT QyHKIWMA, onpeeneHnbix Ha [
O6o3nauyumM vepes gp,(:)(a_c’),gol(f) (Z) pemenusi 3a1a4 — pu ¢ = ug(z,y).
Beegem dyukiyn ¢ (¥) := (q)[)]gl)(f), @Z)](f) (Z), @Z)](;’) (Z)) — perenust 3a7a9u 1'
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upu ¢ = ug(z,y). [IpubauzkeHHoe perieHne CrieKTpaabHOll 3a7a9u 0 COOCTBEHHBIX
KOJIEDAHUSX XKUJIKOCTEH Oy/IeM OTBICKUBATH B BUJIE:

N N N
= Zakuk, P~ Z aFor, b~ Z a1y, (17)
=1 =1 =1

e af, k € 1, N — 3apance nemssectabie Koddbdumuentst, a ancio N B (17) Beou-
paercst u3 yCIOBHI TPAKTHIECKONW CXOMMMOCTH BBITHCIUTEILHOTO MTPOIECca, O~
CAHHOTO HUXKE.
KosdpdbunmenTor a
JICJIATh KaK PeNieHus aaredpanveckoil CleKTPAJIBHON 38 1aqu:

o(BY +bDN)a — ByMNa = A\VCNa, (18)

BY = [bjk]j‘\,fk:p el = [Cjk]j’\szl’ DN = [djk]é'\,fk:h MN = [mjk];\,[k:h

* y npubmmkennbie cobeTBenubie 3Hadenns A\ Gygem ompe-

a:= (al,aQ,...,aN)T.

31ech UHIEKC T O3HAYAET ONEPAIlNi0 TPAHCIIOHUPOBAHUS, TIEPEBOISIIIYI0 BEKTOP—
CTPOKY B BEKTOP—CTOJIOEI. DyteMeHTHI MaTpull B ((18) onpemessiioTes coreay onmmMn
paBeHCTBaMU:

bjk = /FUjAFdeF = /FVFUJ' - Vrugdls cji = /Fuj (9190;(:) - P230;(€2)) dr’;

oV oy
dip = udl: = , ko _ k_ ) ar. 19
gk Aujuk o Myk /Fuj q1 Oz q2 ) ( )

YpaBHEHUsT CHCTEMBI JIETKO CJIEYIOT U3 JTUHAMUYIECKOTO YCTOBUST B CHITY
ycaoBuii oproronasibaoctu ((16)).

Marpums: BY u DY — muaronabHble, 9T JIETKO CIeayeT u3 . Boipazkenust
ns snementos Marput, CV u MY npusogsares k Bumy:

2 4
= 3 [ oVl Ve =3 [ o V0™ - S,
m=1 m m=1 m

(20)
OTCIO,ZLa ciaeayerT CUMMETPHUYIHOCTDL U IIOJIOZKUTEJIbHad OIIPEAECICHHOCTDb MaTPUIL

Ny MY,

O6o3HaunM 4depes )\j-v, a; := (ajl-, a?, cee aéV)T, j € 1, N — cobcTBeHHbIE 3HAYE-
HUs ¥ cOOCTBEHHbIE BeKTOPHI 3aja4n (([18). Beemem dbyukmmn
N N N
N __ k N __ k N __ k
G =D djuk, @) =) ajer, W) =) 45U (21)
k=1 k=1 k=1

N . N
MokHO 1TOKa3aTh, ITO /\j — Aj ipu N — 00, a PpyHKIUI g“j (x,y) n ux nepsble
IPOU3BOJHbIE CxOadTcss B HOopMe npocrpancTBa Lo(I') k cobcrBenHbIM (DyHKIN-
SIM 33J1a49H O CBOOOJHBIX KOJTEOAHMSX KUIKOCTell (&, y) N UX HPOU3BOIHBIM 110
IIEPEMEHHBIM T U .
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2.2. Ciyuaii Kpyrosoro orBepctus. PaccMorpuMm ciydaii Kpyroporo or-
BepcTus paguyca R. Ilepeiinem Kk 6e3pasMepHBIM IIEPEMEHHBIM, OJIaras

(Pnk(r, 19) = R2¢nk(?7 19)7 Tﬁnk(ﬁ 19) = /J'alBORank (?7 19)7
A= O'pl_lngx, r=Rr, h;= Rﬁl, ho = REQ.

Bce npuBoauMmble HUXKE BhIparkeHUsI BILIOTH 0 pa3zeia 3.2 3alicaHbl B Oe3pas-
MepHOIT dopMe, TprdYeM UepTa B 0DO3HAUEHUSX Oe3pasMepHBIX BEINYIHH OTOpO-
IIeHa.

B paccmarpuBaemoMm cirydae cOOCTBEHHbBIE 3HAUEHUST U COOCTBEHHBIE (DYHKITUU
3a1a491 JIETKO OIIPEIEJIAIOTCSI B SIBHOM BHJIE:

Unk = (ni)?, uok(r) = kor(Jo(2eok) — Jo(2e0k)), (22)

Unk (1, 9) = knkdn(ngr) cos n(¥ —9g), n=0,1,2,..., k=1,2,...,

rie Jy,(-) — dyunkius Beccesst 1-ro posa n— ro nopsijka, r,19 — moJspHble KOOD-
JIMHATHI, U9 — MPOU3BOJIbHAS KOHCTAHTA, kypi — HOPMUDPYIOIHE KOI(MMOUIUEHTHI,
&k~ HOJOKUTETHHBIE KOPHA yPABHEHUH:

2J1(880k)/&?0k — Jo(o"a()k) =0, Jn(aenk) =0, nk=12,.... (23)

3Jiech U jajiee, B OTJIMYHE OT MPEJIBIIYIIEro pasjiesia, UCIOIb3yeTCs JIBOWHAS UH-
JIeKcaIsl COOCTBEHHBIX 3HAYeHUil u coOCTBeHHBIX yHKImi 3amaqau ((15]).
OTMeTHM, 9TO KOPHU TIEPBOTO U3 ypPaBHEHH B TOYHOCTH COBIIQIAIOT C
KOpHsIMU BTOpOro ypasaenus (23) npu n = 2, r.e. segr, = &9 Vk = 1,2,..., 90
JIETKO CJIJIyeT M3 PEeKyPPEeHTHOro cooTHomnenus st dynknuit Beccemst: J, (r) =
2(n —1)Jp—1(r)/r — Jp—2(r) npu n = 2.
DyHKIUY Uy (7, V) sABIISIIOTCS JIMHEHHOI KoMOUHAIEH cCOOCTBEHHBIX (DYHKIUIT

U%k(r, 29) u Uflk(T, 19))

uh () } = k”k‘]"(ae”“){ )

Pemenns kpaeBuix 3a1ad f upu ¢ = upk(r,¥) upencraBum B Buje:
4,07(;2) (r,9, z) = EITZ) (r,z)cosn(d —1g), m=1,2. (24)

> (2)

1) .
OyHKIUN 90 w(r,z), ¢ 7 (r, z) OyneM OTBHICKHBATDL B BUJE PA3/IOXKCHUH B HHTE-
rpaJ FaHKe.HH |16] o mepemennoit r:

@ Sk) (r, 2) ::/ Tk (s S}(lilslh—:)z))Jn(sr) ds (—hy < z<0),
2, z) = - / o ( Ch S}(l?;h;;))J (sr)ds (0 <z < hy). (25)
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DyHKIIN ‘PSZ) (r,9, z) yJOBIETBODSIIOT yPaBHEHUSIM U I'DAHUYHBIM YCJIOBUAM
(4) ma moBepxHOCTSIX S13,S24. YAOBIETBODSIS YCIOBUSIM , Ha ITOBEPXHOCTIX
I' u S92, momyamm:

o f un(r) (0<r<1),
| s sas={ i) == (26)
Bocronibayemest opmyiamu obpartnenust jijist ipeobpasosanuii [ankess [16]:
1
F(s) = / o (P) o (57) 1 (27)
0
[Toncrasiisist B (27)), momyamm:
koreeor J1 (eeok ) Ja(s Enkeenk Int1(@nk) In(s
on(s) = RN RO B) (i G In(S) ) (25
52 — &g, 5% — @,

Pemenust xpaeBoit 3amatn f upu ( = upk(r,¥) orbICKMBaEeM B BHJE
AHAJIOTTIHOM :

[¢] R

¢£:,:,L)(r, 9, 2) = fgz) (r,z) cosn(d —p), m € 1,4. (29)
5 (M) T

Ipencrapnss dyukiun ¢ 7 (r,2), m € 1,4 B Buje pa3/okKeHUH B HHTErPA

lankestst 10 nepeMeHHOl 7 1 yaoeersopsis yesaosusm ([7)—(10) mpu ¢ = wn(r, 9),

HOJIy YHM:

° (1) (1) (h1+2)s s \/q>3 (hy + z)s}
2)=[ A NSNS AC P <30 N LA ds,
Ve (r:2) /o i (5) [C Va i\ @1 ° Va (rs)sds

0 (2 _ OOA(2) (ha — 2)s ,u4\/q7 (hg—z)s}
¥ g (1, 2) /0 ke (5) [Ch 7\/(72 + o\ 0 sh 7\/(72 Jn(rs) sds,

12 n3k) (Sv Z) = /0 A£L3k)(5) exp (hl\/—ig)se]n(TS) S dS,

12 7(14,2 (s,2) = /OOO Aglk)(s) exp W,}n(rs) sds, (30)
k=1,2,..., n=0,1,2,...,
rie
Wy 4@y (11— 12) /@ fur(s)S2(s)
Ank (S) - Ank (8) - L1 D(S) ’
@ 4@ _ (11— 1)@ frr(s)S1(s)
Ank (s) = Ank (s) = 12 D(s) )

D(s) = p1+/q151(5)Ca(8) + 1ar/q252(s)Ci(s),



54 n. 1. Bopucos, C. N. [lonenyes

h18 M3 h18 hgs M4 hQS
C = + —,/—sh Cs(s + — sh —
1(s) = \/T 1 Var’ 2le) = ﬁ 2 Va2
h h h h
Si(s) = sh s e H3 ch 18 Sa(s) = na2s s M4 ch 28

Vi m Vo PO TR e, NG

Ypasuenus ([18) pacnagarorcs Ha HE3aBUCHMbIE YPABHEHUsI [IPU KAXKJIOM N:

(BN +BoDY —WMMa=AVcNa, n=0,1,2,...; (31)
Bo . 1= PR o  Bilm — p2)* ViR
o ’ Hop1 20

Bespasmepubie napamerpor Bo (— uncio Bouga) u W xapakrepusyor 0THO-
[eHne CUJjl, 00yCJOBIEHHBIX I'PDABUTAIIMOHHBIM U MAUHUTHBIM IOJISIMU, K KaIlHJI-
JIIPHBIM CHJIAM, COOTBETCTBEHHO.

Sementsr Mmatpur, BY u DY nveror su:

1
bik = (2enj)dj,  djp = §(k i) Th 1 (g6, (32)

i keT,N, n=0,1,2,....

[Moncrapmsst (24) B (19) u yunrsiBast npu srom ([25)), , [IOCJIE HECJIOPKHBIX
npeobpasoBaHUN MOy IUM:

et = Kk /0 - [cth(hls) n %cth(hgs) Fas (5) i (5)ds, (33)

jkeL,N, n=0,1,2,....

[Moncrapmsis (29) B nocseanee u3 Boipaxkenuii (19)), Oyaem nmers:

> 51(8)54(s
i = Kot [ S ) gy, (34)
0 D(s)
ke, N,n=0,1,2,....
O6o3naunM 4gepes )‘m’ Qpj = (a}lj ,aij,...,a%)T, Jj E 1, N cobcTBeHHbIE

3HAYEHUsI U CODCTBEHHBIE BEKTOPBI CIEKTPAJIbHON 3a/1adu . Bynem cuurars,
49TO COOCTBEHHbBIE 3HAYCHU S /\N IIPU KaxKJIOM 7 YIIOPSIOYEHBI 110 j, TaK YTO /\

M < )\7]:[ . Coruracuo 1) HpI/I6JII/I}KeHHbIe BBIPAXKEHUS JJIsT COOCTBEHHBIX MO/T
KOJIeDAHUI TIOBEPXHOCTH pa3jiesia XKUJIKOCTEH UMET BUJI:

n]:Zaﬁjunk(r,ﬂ), jel,N,n=0,1,2,.... (35)
Oysxiyn (,; ABAAIOTCA JUHEHHbIME KOMOUHAIUAMY (DyHKIII

Crj = Zan]unkrﬁ Chj o= Zamunkrﬂ je1,N,n=0,1,2,....
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CobcrBennbie BeKTOPBI 3aa4u (31)) MOXKHO BBIOMPATH TAK, 4TOOBI BBIIOJIHSIIUCH
YCJIOBUS:

N
Z Cpqan] nk - 5Jk7 Z b qanj nk - Anﬂéjk (37)
p,q=1 p,q=1

Vi,kel,N,n=0,1,2,....
QyuKIUn Cflj, i Oy/yT IIPU TOM YJOBJIETBOPSATDH YCJIOBUSIM, AaHAJIOTUIHBIM 1)

3. TPAHUIIA OBJIACTH YCTONYNBOCTU.
SBOJIIOI A MAJIBIX BOSMVYIIIEHUN.

3.1. Permienne 3BOJIIOLMOHHOI 3a7a4u. B obmem ciydae CHEKTp 3aJ1a4H
(31) mpu xazxmom n moxer mmers N, orpunarensubix, NO myaesbix i Nf =
N — N,; — N? nosoxure bHbx coGCTBEHHBIX 3HAUCHHIH,

A=A <0 Vi€l N, A= My =0 Vi€ I,N?, (38)

Auj = Avs anogg) >0 Vi€ LN,

nj

CobcrBeHnble MOJbI KoJebaHuil, oTBedaionue cOOCTBEHHBIM 3HAYEHUSIM )\m, 6y—

st

0
JieM 0003HAYATH Yepes an 1Gpyo @ CODCTBEHHBIM 3HAYEHUSIM )\nj — 4epe3 n],(

Bgenem Takzke 0603HAYECHUSI:
g = A2 >0 Ve LN, wlh=0)Y?>0 vjieL N}

Cnenyst |17] MoxHO mOKa3aTh, YTO PEIICHNE IBOJIONUOHHON 3a/1adm — (11))
IIPEJICTABJISIETCST B BHJIE:

C(tr,9) = ¢V (tr,9) =

N Ny

- Z Z [(a e —i—oz ;) ch vyt + %11]( ,cl +5 )Shan ] + (39)

n=0 | j=1

# " [l + atict) + (55 + 820 0 +

+Z

s N
3aech oy, o 1 By, By — koabdunuenter pasnoxkenuil B psapl Pypbe byHK-

it (O(r, ) u ¢'(r,Y) B HaUANBHBIX YCIOBHAX , Mo cucreMe H6A3NCHBIX
byuxmmit {uy,;(r,9), up,;(r,9)}524

B anajiorngnoii popme MOXKHO IIPEJICTABATH THOTEHIUAIbI CMEIIEHI JaCTHUI]
JKUJIKOCTEH M BO3MYIIEHUIT MarauTHOrO 1oJst. COOTBETCTBYIOIINE BBIPAXKEHUS
3/1€Ch He TIPUBOJATCH, MOCKOIBKY B JaJbHEIeM OHU He UCHOJIb3YIOTCH.

( ot C++a5+C )cosw t+— (BC+ ot 48 CfJ) sinw:{jt]

”J
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Kak BuIHO M3 IpUBEIEHUX BLIPparKEHUi, IPY HAJUIUU OTPUIIATE/IHLHBIX )\;j
nJjm HYJIEBbBIX A?L] CO6CTB€HHI)IX 3HaUYEeHUI HadaJIbHBIE BOSMYIIIEeHUA ITOBEPXHOCTHU
paszeiia >KUIKOCTell HEOrPAaHUMYEHHO BO3pacTaioT co BpemeneMm t. Heorpanmuen-
HOE BO3pacTaHue OODLSICHSIETCS TeM, 9TO B IPUHATON MaTeMaTHYECKON MOJIE/IH
HE YYUTHIBAIOTCS HesmHeiHbie s¢ddexTrl. [IpuBenentoe pernernne OICHIBA-
eT HavaJbHYyIO CTAIUIO0 SBOJIONNK ITOBEPXHOCTU pa3esia »KUJIKOCTel B 3aKpPUTHU-
JeCKOM MarHHTHOM II0JIe. Be3pasMepHble BeJIMIimHbI ’ynj,w:j B AMEOT MpH
9TOM (PU3MIECKUI CMBIC] MHKPEMEHTa POCTa BO3MYIIEHU U KPYTrOBOM YaCTOTBI
KoJIe0aHmIit, COOTBETCTBEHHO.

ITpy Hay Iy TOJILKO HOIOZKUTEIBHBIX COOCTBEHHBIX 3HAYCHHN \y; > 0 Masibie
Ha4daJIbHBbIE BO3MyH_[eHI/Iﬂ PaBHOBECHOI'O COCTOAHUSA }KI/I,[LKOCTeﬁ OCTaITCA MaJIbIMU
st Yt > 0. Takum obpazom, 06 ycTORUIMBOCTH (MM HEYCTONYUBOCTH) PABHOBEC-
HOT'O COCTOAHNA )KI/I,ZLKOCTGfI MO2KHO CY/JIUTH 110 3HaAKy HaNMEHBIIIET'O CO6CTB€HHOFO
SHAYCHUST Ay j.

3.2. HucieHHble pe3yabTaThbl. byneM cuuTaTh, 9TO KUJIKOCTb B 00JIACTU
)1 namaram4yuBaeTcs 110 3akony Jlamkesena, a HAMArHUIEHHOCTH BCEX OCTAJIBHBIX
cpeJl, IPEeHeOPEKNMO MaJIa.:

3X0H(1)

MWD = ML
S Ms Y

M® =0k =24, L) = cth(¢) — ; (40)

Baecy My — mamarnndennocts Hacwimenusi, L(§) — dynknus Jlankesena, xo —
MarHATHAs BOCIPUUMYUBOCTD »KukocTu B £21 mpu H = 0. Beegem 6e3pasMepHbie
WHIYKITIO U HAIIPSXKEHHOCTh MATHUTHOTO ITOJIs, TOJIarast

By o _ H® —

Hy’' =—=B-M Vk=1,4 41
;U/OMS, 0 Ms 0 ) Ey ( )

M =1L (3X0H§f)> . MW =0 vk=24.

Bennuunnr Mk, k. B pacCMaTPUBaEMOM CJIyda€e MMEIOT BHUJIL:

\m\

(1 —i—LH)H[()l) _

— —(1
p <Hé)) =—_o a(Hy) = 5

(
0

|

rjue

3 1
X0 n

Sh2 (3X0F(()1)) BXOF(()U

Ly =

Bespasmepuyio sesimauny W npencraBum B Bue:

poMZ R
——.

—(1
W= Wy L? (3XOH§) )) G, Wo = (43)

J— 1 J—
3aMeTuM Terephb, 9TO HAIPSIXKEHHOCTb H, é ) ¥ UHAYKIUA B MaroHuTHOTO I0JIs
CBSI3aHBI B3AMMHO OJIHO3HAYHBIM cooTHomenneM ((41)), Taxk aro Besmauub pi1, g1



Bicuuk XHY, Cep."Maremaruka, npukjiaaia MareMaTuka i Mexanika”, Tom 84 (2016) 57

OJIHO3HAYHO OIIPEJIEJISIOTCA 10 3a1aHHOMY 3HaueHuio B. Ilpumem B B KauecTse
OJIHOT'O M3 OIIPEJIEJISIONINX [1apaAMeTPOB paccMaTpuBaeMoil cucreMbl. CocTosiHue
pPaBHOBECHS KUJIKOCTEH XapaKTEepU3yeTcs, TAaKUM 00pa3oM, Oe3pa3sMepHbIME IT1a-
pamMeTpaMmu:

Ea BO, W07 X0, hl/Rv h2/R7P2/Pl-

CobcTBeHHDbIE BHAYEHUS Ay 3ABUCST, OUEBUIHO, OT BCEH COBOKYITHOCTH ITUX
napamerpos HerpynHo mokasaTh, 9T0 BO3pacTaHWe MHIAYKIIUA MAUHUTHOI'O ITOJIsI
B UpuBOANT K IIOSIBJIEHUIO OTPHIATEIbHBIX COOCTBEHHBIX 3HAYECHHI A s €CTTH B
[PEBBIIIAET HEKOTOPOE KPUTUIECKOE 3HAUCHUE B Ilpu B < B paBHOBECHOE
COCTOSIHIE YCTOIYNBO, a B ciaydae B > B - Heycroituyupo. I'pannia obsacru
YCTOWYMBOCTH B IPOCTPAHCTBE 0e3pa3sMEPHBIX IAPAMETPOB OIPEIEsSIeTCsl YpaB-
HEHUEM:

Anrjr 1= Hﬁlgn Anj(B,Bo, W, xo0, h1/R, ha/R, p2/p1) = 0. (44)
CoOCTBEHHBIN BEKTOD @y j* = (a}ﬁj*,ai*j*, . ,anN*j*)T, OTBEYAIOIIIHA Ay j,

ompeiesiser HauboJjiee ONACHOE BO3MYIIEHHME MOBEPXHOCTU pazfesia KUIKOCTe
Cn*j*, IPUBOJAIIEE K IOTEPU yCTONYMBOCTH PABHOBECHSL:

N

Cn*j* = Z aZ*j*un*k(ra 19) (45)

k=1

CO6CTB€HH]:>I€ S3HaYEeHUA )\n] CIIEKTpPaJIbHBIX 3a/ia4 OTBICKBaJIUCh YUCJIECH-
HO € WCITOJIb30BAHNEM MeTO/a XOJECCKOTO. B TPOBEIEHHBIX BBIYUCICHUSIX THUCITO
basucHbIX GyHKIU BapbupoBajoch B aunamnazone 50 < N < 100. [dannHeitee
yBenmdenne N He TPUBOIUIIO K CYNECTBEHHOMY YTOYHEHUIO PE3YIHTATOB.

Ha pwuc.2 npuBejsieHbl pe3y/ibTaThbl pacieTa IPAHUIBI 00JACTH YCTOWIMBOCTH
na mockoctn (Bo, B) mpu Wy = 10° 119 pasimaHbIX 3HaYeHn# Y. Bbraucie-
HUs [TOKA3aJId, 9TO B , KaK MPaBUWJIO, OJUH U3 KOI(PDUIUECHTOB aﬁi j+ BHAYH-
TEJIbHO IIPEeBOCXOIUT OCTaJIbHBIE. HyHKTI/IprIe JIMHUU B O6HaCTH HeycTOﬁqHBOCTH
B > B * BBLIEJSIOT 30HBI, B IIpejeiaX KOTOPHIX Hambosee GBICTPO PACTYIINM
BO3MYIIEHUsIM OTBEYAIOT HOMepa rapMoHuK (n*, k*). VIMeHHO 9Tu MOJIbI JjafoT Ha-
DJISITHOE TIPEJICTABIIEHNE O HAYAIBLHOW SBOJIIONNN MOBEPXHOCTH Pa3iesia YKUIKO-
CTU TIPU TIOTepe YCTONYIUBOCTHU U MEPEX0/ie B HOBOE PABHOBECHOe cocrostHue. [Ipu
5TOM HEOOXOIUMO CUUTATh, YTO MHIYKIMS MATHATHOTO IO B NpHHHMaeT 3a-
KPpUTHUYIECKHE 3HAYCHUA 3a BPEMA 3HAYUTE/JIbHO MEHbIIee XapaKTEePHOTI'0 BpeMeHUn
TUPOTMHAMIYIECKUX MTPOIIECCOB.

[Tpu masbix guciax Borga Hanbosee OMACHBIMU SIBJISTFOTCS OCECUMMETPUIHBIE
BosMmytenust (n = 0), 1160 Bo3MyIeHust 1o 1epBoii (n = 1) wiu Bropoii (n = 2)
rapmonuke. PopMbl HanboJIEE OMACHBIX BO3MYIIEHUN JIJIsT HEKOTOPHIX 3HAYCHUIA
apaMeTpoB OKa3aHbl Ha puc.3. OTMeTHM, 9TO B OIPEeJeHHOM JIHalla30He 3Ha-
JeHWit uncia BoHa B paBHON Mepe MOTYyT OBITH ONMACHBIMU OCECHMMETPUYIHBIE
BO3MYIIEHNsT U BO3MYIIEHHST 110 BTOPOM rapMOHHUKE. DTO OObSICHSIETCSI COBIIAJIE-
HUEM CIIEKTPOB CcOOCTBeHHBIX 3HadeHuil {A,x} 3amaan (31) npu n = 0 u n = 2.
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Puc. 2. BaBucumMocTb KPpUTHYECKUX 3HAYEHUN WHILYKITAK
==k
MarauTHoro nojs B or unciaa Bomma Bo
upu h; = hy = 0.1.

Puc. 3. ®opmbr nanbosiee omacubx Bosmymenuit mpu Wy = 103, yo = 0.2:
a) Bo=40,B =0.95; b) Bo =60,B = 1.05; ¢) Bo=90,B = 1.15.

Bompoc o ToM, Kakas U3 3TUX MOJI PEAIU3YETCs B 9KCIIEPUMEHTAX OCTAETCS OTKPBI-
TeiM. C pocToM 3HateHMt duncia Bonma mpu PUKCUPOBAHHBIX 3HATECHUAX OCTA b
HBIX [IAPAMETPOB BO3PACTAIOT KPUTUIECKUE 3HAYCHUST WHJIYKIINA MATHUTHOTO 110~
151 B . MozxHo IIOKa3aTh, 9YTO B acumnrormueckn Bospacraer Kak Bol/2.
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SAKJIFOYEHUE

B otnmyue ot cydast 66CKOHEYHO MTPOTSIKEHHBIX TOPU30HTAIBHBIX cj1oeB M27K
COOCTBEHHBIE UACTOTHI KOJIEOAHUN KUIKOCTH ¢ OTPAHNIEHHON CBOOOIHOI TTOBEpX-
HOCTBIO 00pa3yIoT HUCKPETHBIA CIEKTP, a OTBEYAIOIIe UM MOILI KoJieDaHmil Ka-
YECTBEHHO OTJIMIAIOTCS IPYT OT JIpyra. DTO MO3BOJISIET 00bICHUTH MHOTOODpa3ue
dopm M2K, HabaogaeMbIX B peasIbHbIX IKCIIEPUMEHTaX.

B cBa31 ¢ 3THM OTMETHM, 9TO B TEOPETUIECKUX MCCJIEIOBAHNAX HEYCTONINBO-
ctu 6e3rpannydnbix ciaoeB MZK, kak mpaBmio, OrpaHUINBAIOTCS PACCMOTPEHUEM
OHOMEPHOTO CHHYCOUIAILHOI'O BO3MYIIIEHNS CBODOIHOM TOBEPXHOCTH, HEITPEPHIB-
HO 3aBUCSINEr0 OT OJIHOrO mapamerpa (BOJHOBOIO 4UCJIA), JubO CyHepIO3UIUN
JBYX WIM TPeX TAKUX BO3MYIIEHHWH. DTO IMO3BOJIAET alPOKCHMUPOBATH OIHO-
MepHbIe, KBQIPATHBIEC WJIN NeKCArOHAJIbHBIE CTPYKTYPBI, HAO/IIOJaeMble B JKCIIe-
pumenTax ¢ M2K B mpssMOyTOJ/IbHBIX, NeKCATOHAJIBHBIX WU KPYTJIBIX KIOBETaX B
JTAJIEKON 3aKPUTHIECKON 06JIaCTH 3HAYEHUN TapaMeTpOB, KO/ BJIMSIHUE IDAHU-
el obstactu, 3arumaemoit M2K, cymecrBenno ocirabeBaer.

B cayuasix, Korja cBoGo/(Has HOBEPXHOCTD YKUJKOCTH (UM OBEPXHOCTH Pas3-
JleJia JKUJIKOCTell ) OrpaHryeHa, a WHJLYKIsl MATHATHOTO MOJIs OJIM3Ka K KPUTHIe-
CKUM 3HAYEHUAM, HANOOJIee OAaCHbIE BO3MYIIEHNS UMEIOT 00Jiee CJIOKHYIO CTPYK-
TYypy. DTO IOATBEPKJIAETCS pacdeTaMu, IIPOBEJIEHHLIMU B JaHHON crarbe. Jljst
M2K, HaMarauInBaOMMUXCs 110 3aKOHY JlaH»KeBeHa, MOCTPOEHBbI I'paHUIlbl 00/1a-
CTH YCTOWYMBOCTH PABHOBECHBIX COCTOSTHUN B IPOCTPAHCTBE OIPEEISIONINX ITa-
pamerpos. [lokazano, uTo 06/1acTh 3HAUYECHUN ITapaMETPOB, OTBEYAIONINX HEYCTOM-
9UBBIM PABHOBECHBIM COCTOSTHUSAM, PAa30MBAETCs HA 30HBI, KaXKJIasd N3 KOTOPBHIX
XapaKTepu3yeTcs BIIOJIHE OIPeIeJeHHON MOI0#t HanboJsiee OLICTPO PACTYIIUX BO3-
Mytennii. VIsMeHeHnst WHIYKIINA MArHUTHOI'O TIOJIS, BBLI3LIBAIOIINE Iepexor (hu-
3UYECKUX TAPAMETPOB U3 OJIHO 30HBI B JPYT'YIO, COITPOBOXKIAIOTCH KAIECTBEHHON
nepecTpoiikoit ¢popm mosepxuocTu pasaena M2K. C yBesmdaennem umciia Borma
KPUTHYECKHe 3HAYEHWs] WHIYKIMH MACHUTHOIO IIOJISI CTPEMSTCS K 3HAYEHUSIM,
COOTBETCTBYIOIIUM CJIYYIalO JIBYXCJIONHON CHUCTEMBI KUJIKOCTEH ¢ Oe3rpaHrTIHOMN
MMOBEPXHOCTDHIO pas/ieia.

JIMTEPATYPA
1. Posennpeiir P. ®eppornapoaunamuka. — M.: Mup, 1989. — 389 c.

2. bamrosoit B.I'., Bepkosckuit 5.M., Buciosua A.H. Beenernue B Tepmomexa-
HUKY MarHuTHBIX kujkocreit. — M.: Hayka, 1985. — 188 c.

3. Baym 9.4., Maitopos M.M., Iebepc A.O. MaraurHble >KUIKOCTH. — Pura:
Sunarue, 1989. — 386 c.

4. Odenbach S., Beiglbock W., Ehlers J. et al. Colloidal Magnetic Fluids: Basics,
Development and Application of Ferrofluids. —Berlin: Springer, 2009. — 430 p.



60

n. 1. Bopucos, C. N. [lonenyes

10.

11.

12.

13.

14.

15.

16.

17.

Abou B, Westfreid J.E., Roux S. The instability in ferrofluids: hexagon-square
transition mechanism and wavenumber selection. // J. Fluid Mech., 2000. —
Vol. 416. — P. 217-237.

Lange A., Richter R., Tobiska L. Linear and nonlinear approach to the
Rosensweig instability. // GAMM-Mitt., 2007.— Vol. 30, Nel. — P. 171-184.

Knieling H., Richter R., Rehberg I. Growth of surface undulations at the
Rosensweig instability. // Phys. Rev. E, 2007.— Vol. 76, 066301.— P. 1-11.

Gollwitzer C., Matthies G., Richter R. et all. The surface topography of a
magnetic fluid: a quantitative comparison between experiment and numerical
simulation. // J. Fluid Mech., 2007. — Vol. 571. — P. 455 — 474.

Hukanckuit FO.M., Sakuusua A.P., Mkprusa JI.C. HeycroitunBocTb TOHKOTO
CJIOST MATHUTHOMN »KUJIKOCTH B MEPHEHUKYIAPHOM MarauTHoM mogie. // 2Kyp-
Haj1 rexandeckoit pusuku, 2010. — T.80.— Berr.9. — C. 38 — 43.

Bymyesa K.A., Kocrapes K.I'., Jlebenes A.B. Kanenbubie cTpykTyphi, 00pa-
3yeMble (HEePPOKUIKOCTHIO B OJHOPOJHOM MarauTHoMm tosie. // KonBekTus-
uele Tedenusi, 2011.— Beim. 5.— C. 159 — 170.

Koposun B.M. HeycroitunBoctus Posenriseiira B TOHKOM CJIo€ MarHUTHO
x)ujkocru. //2Kypuan rexundeckoit dbusuku, 2013.— T.83, Beimr.12.— C. 17 —
25.

Koposuu B.M. O Biusianu ropu3oHTaILHOT0 MATHATHOTO TIOJISI HA HEYCTOM-
qnBocTh PoseHnBeiira HesimHelHO HaMarHnauBawIeiics deppoxuakocTu. //
2Kypras rexandeckoit ¢pusukn, 2014. — T.84.— Bem.11.- C. 1 - 8.

Rannacher D., Engel A. Suppressing the Rayleigh-Taylor instability with a
rotating magnetic field. // Phys. Rev. E, 2007.— Vol. 75, 016311.— P. 1 — 8.

Poehlmann A., Richter R., Rehberg I. Unravelling the Rayleigh-Taylor
instability by stabilization. // J. Fluid Mech., 2013. — Vol. 732, R3. — P. 1 - 10.

Borysov 1.D., Potseluiev S.I, Yatsenko T.Yu. Instability of equilibrium and
appearance of ordered spatial structures on the free surface of ferrofluid.
/ /Magnetohydrodynamics, 2014. — Vol. 50, Nel. — P. 3 — 12.

Hurkun B.A.) Ilpynaukos A.Il. aTerpasibHbie Ipeobpa3oBaHusi U Olepali-
onHoe ucuucjenune. — M.: @uzmariaut., 1961. — 524 c.

Borisov 1.D., Yatsenko T.Yu. Small Oscillations of Magnetizable Ideal Fluid.
// J. Math. Physics, Analysis, Geometry, 2010. — Vol. 6, Ned. — P. 383 — 395.

Cratbst mosryuena: 1.12.2016.; okonuarespHbIil BapuanT: 18.12.2016.;

npuaaTa: 20.12.2016.



Bicauk XapkiBCbKOro HAIIOHAJILHOT'O Visnyk of V.N.Karazin Kharkiv National University

yuiBepcurery imeni B.H. Kapasina Ser. “Mathematics, Applied Mathematics
Cepis "Maremaruka, IPUKJIAHA and Mechanics”
MaTeMaThKa 1 MexaHika' Vol. 84, 2016, p. [61}{92]
Tom 84, 2016, c[6IHIZ| DOI: 10.26565/2221-5646-2016-84-06
YIK 517

Approximation properties of generalized Fup-functions

I. V. Brysina, V. A. Makarichev

N.Ye. Zhukovsky National Aerospace University "Kharkiv Aviation Institute"
Chkalov Str. 17, 61070 Kharkiv, Ukraine
iryna.brysina@gmail. com, victor.makarichev@gmail.com

Generalized Fup-functions are considered. Almost-trigonometric basis theorem
is proved. Spaces of linear combinations of shifts of the generalized Fup-
functions are constructed and an upper estimate of the best approximation
of classes of periodic differentiable functions by these spaces in the norm of
Lo[—m, m] is obtained.
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Introduction

Construction and investigation of compactly supported functions such as
splines and wavelets is an intensively developing area of mathematics. Various
systems of functions with a compact support are widely used in numerical
methods, mathematical physics, approximation theory, digital signal, image
processing etc. In particular these systems are used for numerical solution of
differential equations. Notice that the function, which is a solution of some
equation, is often infinitely differentiable or has high degree of smoothness. Hence,
the problem of construction of the function space L that combines the following
properties is of interest:

(i) all functions from L are infinitely differentiable (this property is important
for approximation of smooth functions);

(ii) in the space L there exists a basis that consists of compactly supported
functions (for example, this property makes it possible to construct effective
algorithms of solution of some differential equations);

(iii) the space L has good approximation properties.

Consider in detail the last property. Let X be a linear space supplied with a
norm || - || x. Denote by A some subset of X. Let L be a subspace of X such that
dim L = N. By

Ex(A,L) = sup inf ¢ — fllx
peAfEL

we denote the best approximation of the set A by the linear space L in the norm of
X. It can be said that L has good approximation properties, if there exists small
e > 0 such that Ex(A, L) < e. At the same time it is interesting, if there exists
some other linear space V' C X such that dimV = N and Ex(A,V) < Ex(A, L)
(this means that V' has better approximation properties than L). Therefore the
value of

dy(A, X)= inf FEx(AV

N( ) ) dinil‘}:]\f X( ) )
is of interest. We note that dy (A, X) is the Kolmogorov width [I].
Let {Ni}72, be a sequence of positive integer numbers.

Definition 1 The sequence of spaces {Ly}p-, is extremal for approzimation of
a set A in the norm of X, if dim Ly = Ny, and Ex(A, L) = dn, (A, X) for any
ke N.

Definition 2 The sequence of spaces {Ly}re is asymptotically extremal for
approximation of a set A in the norm of X, if dim Ly = Ny for any k € N
and Bu(A L

X R .
k—o0 de(A, X)
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We say that spaces {Lj} have good approximation properties, if the sequence
{Ly} is extremal or asymptotically extremal for approximation of A in the norm
of X.

In [2, 3, [4], the spaces, which satisfy properties (i) — (iii), were introduced.
Consider in detail main results of these publications.

Consider the function

it sin? (st(2s) %)
mups(x) = / H s2t(2s) ksm((Qs)_k)dt’

where s € N.
For the case s = 1 the function mups(z) is equal to well-known Rvachev

function
Sln t2
o= [ e T8l
7% :

which is a solution with a compact support of the functional differential equation

Y () =2(y(2x + 1) — y(2z — 1)).

As a solution of this equation the function up(x) was introduced in [5] (see aslo
[2] and [3]).

The function mups(x) for the case s > 2 was constructed in [6].

For any s € N the function mups(z) combines the following properties:

1) supp mups(x) = [—1,1];

2) mups(z) € C*(R);

W

ffooo mups(x)dz = 1;

)
)
3) the function mups(x) is not analytic at any = € [-1,1];
)
5) mups(z) is a solution of the equation

S

Y (x) = Z(y(Qs:B +2s—2k+1) —y(2sx — 2k + 1));
k=1

6) Hmupgn) (x)”c[ " = 27(2s5)"(=1/2 for any n = 0,1,2,....

For the case s = 1 the properties 1) — 6) were proved in [5] (see also [2]). For
the general case these properties were proved in [6] (see also |4} [7]).
Let MUP;,, be the space of functions ¢ (z) of the form

z) = Zk:ck - mups <x — (2/;)n> xe[-1,1]
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and ]\//fﬁs’n be the space of functions ¢(x) such that

=S (2 ) e e

k
and ) (—7) = pU) () for any j = 0,1,2,....
Theorem 1 ([4]) For any n = 0,1,2,... there exists the set of coefficients
{v;}jez such that
Zvj S mups <$ — ‘7> ="
, (2s)"
JEZ

This means that MU P;,, contains all polynomials of order not greater than

Further, consider the function

oo . ¢ n
1 , sin ( . n)
Fmupg () / ette # F, <t) dt,

27r_OO R (2s)"
where s € N, n = 0,1,2,... and F4(t) is the Fourier transform of the function
mups ().
It was shown in [4] that Fmups,(z) € C*°(R) and
n+ 2
Fmupg ,(z) =0 for |z| > 22s)"

(for the case s = 1 these properties were obtained in [3]).

Theorem 2 ([4]) The system of functions

. 2(2s)"+n+1
7 n -+ 2
F - 1
{ P ( @5 +2<2s>n>}j21

is a basis of the space MU P; ,,.

Combining this theorem with theorem [T} we see that any polynomial of degree
at most n can be expressed as a linear combination of shifts of the function
Fmupg ,(z).
Theorem 3 ([4]) The system of functions {11(x),¥2(7), ..., e (x)} constitutes
a basis of the space MUP ,, where

T k n+2

k n+2
257 220y
k n n+2
(25)™  2(2s)"

—I—qups,n<x— +1>,k::1,...,n—|—1,
T

Yi(z) = Fmupsp (a: — + 1> Jk=n+2,...,2(2s)".
T
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It follows from this theorem that dimension of 1\7(773&” equals 2(2s)".
Let us remark that for the case s = 1 theorems (1| —[3| were obtained in [3].

Further, we need some notations. By W[  denote the class of functions
g € C["_mr] such that ¢ (—7) = g®(x) for any k = 0,1,...,7 — 1 and

||9(T)HC([—W77@) < 1. Let WQ’" be the class of functions g € C[T:ﬂlﬂ] such that the

equality g®) (=) = g% (7) holds for any k = 0,1,...,7—1, g~V (z) is absolutely
continuous and [|g(") [Fa——

Theorem 4 ([3], see also [2]) We have

. Eo( ) (Wi, MUP1 ) B
11m —

=00 (oni1 (fWVgO, C([_7T7 7‘—]))

P

In other words, spaces ﬁn = MUP,, are asymptotically extremal for
approximation of W in the norm of C([—7,x]).

Theorem 5 ([2]) There exists n(r) such that

Epyonm(W3, MUP: ) = dgur (W3, Lo[—7, 7))
for any n > n(r).

Therefore ﬁn is extremal for approximation of functions from the class WQ"
in the norm of the space Lo[—, 7.

Theorem 6 ([4]) For any s > 2 the following equality holds:

lim ELQ[—w,w](W57 MUPs,n) —1
n—00 dQ(Qs)n (WQT, LQ[—ﬂ', 71'])

—_——

This means that spaces MU Pj ,, are asymptotically extremal for approximation
of W{ in the norm of Ly[—m, 7]

We see that the functions mups(z) (in particular, the function up(z)) and
Fmupg () have a number of convenient properties. Therefore these functions
have applications to wavelet theory [8, O 10, 11, 12, I3, [14], digital signal
processing |15, [16], numerical methods and numerical modeling [17, [I8], 19] 20]
(note that a comprehensive survey also can be found in chapter 2 of [21]), the
theory of generalized Taylor series [2, [7, 1], 12} 22} 23, 24, 25] etc.

We note also that the growth rate of the dimension of MU P ,, and m sn 18

a disadvantage of these spaces. Indeed, for any s € N the value of dim MUP, ,, =
2(2s)™ increases exponentially. Our goal is to construct the space of functions that

does not have this disadvantage and has all advantages of msm.
Let f(z) € L2(R) be a function such that
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1) supp f(z) = [-1,1],
2) f(x) is an even function,
)

f
3) f(z) >0 for any x € [—1,1],

1) [ f(z)dz = 1.

By F(t) denote the Fourier transform of this function.

Definition 3 ([26]) The function

17, /sin(t/N)\™
m - ite [ P \Y/ AV F(t/N ,
Prnta) =5 [ et (P (1/N) dt
where F(t) is the Fourier transform of f(x), N # 0 and m € N is called a
generalized Fup-function and f(x) is called its mother function.

Here we use the term "mother function"just as the term "mother wavelet"is
used in the theory of wavelets.

It can be seen that the generalized Fup-function is a generalization of the
function Fmups ().

The aim of this paper is to investigate the best approximation of the class WQ”
by the spaces of linear combinations of shifts of the generalized Fup-functions in
the norm of the space Ly[—m,7].

This paper is organized as follows. In section 2, we introduce and prove
the almost-trigonometric basis theorem. In section 3, we construct the spaces of
shifts of the generalized Fup-functions and using the almost-trigonometric basis
theorem, we obtain an upper estimate of the best approximation of W3 by these
spaces in the norm of Ly[—m,7]. In the last section, we analyze the results of this
paper and consider some open problems.

Actually, in this paper we introduce a new method of construction of locally
supported functions with good approximation properties.

Further, we assume that

£l = 1l o[ and (f, ) = / F(@)g(x)da.

Almost-trigonometric basis theorem

Let N be an arbitrary even natural number.
Denote by Vi the space of functions f(z) € Lao[—m, 7| such that

N/2-1

f(z) = Z (ap - vNp(x) + bp - wNp(T))

p=0
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where
uno(z) =1,
UNp(T Z TNk - Cos((p+ EN)z) + gy pk - cos((N(k + 1) — p)x)) (1)
k=0
and
wnp(@) =Y (snpk - sin((p+ kN)z) + tapp - sin(N(k +1) = p)z))  (2)
k=0
forp=1,2,...,N/2 -1,
> N N
wn,o(z) = Z <yN7k - cos <(2k: + 1)1’) + zZn i - sin ((Qk‘ + 1)x>> . (3)
— 2 2

"Npo = SNpo = 1 forany p=1,2,...,N/2 — 1. We assume that series in —
are convergent in Lo[—m, 7].

We shall say that the system of functions {vy p, w va};\f:/(z)—l is an almost-tri-
gonometric basis of the space V.

In this section, we obtain an upper estimate of the best approximation of the
class W3 by the space V in the norm of Lo[—m, 7]

Theorem 7 If there exists m € N, M > 0 and functions p1, @2 such that
(i) 1, w2 are positive, increasing and differentiable on [0,1/2];
(i) ¢1(1/2) < 1, 2(1/2) < 1;

(iii) m+1>r;

(iv) for anyp=1,2,...,N/2 —1 the following conditions hold:

) P 2(m+1) S (P
dNpo = <N —p) ¥1 (N) ) (4)
2(m+1)
2 P
N,p,0 (N p) 2 (N) ) (5)
(v)
s 2(m+1)
> (R + den) < (5) , (6)
k=1
- (m+1)
>~ (K + i) < (%) (7)
k=1

foranyp=1,2,...,N/2 —1;
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then
N N\ "
ELQ[—W,W} (WQ’,‘? VN) < <2> 1 +e¢, (8)

where

M? M VoM

&€= 24m+3 + 22m+1 + om+r+1 :

Proof. To prove this statement, it is sufficient to obtain the following
inequality:

. N\ M?2 M vV2M
wlenéN If —wl < <2> \/1 + 94m+3 + 92m+1 + omtri1 (9)

for any f € WQ” .
Let f(z) be an arbitrary function from the class W{ .
By construction, the space V,, contains all constant functions.
__ Let f be a non-constant function. It follows from the definition of the class
W3 that
0 <[lf™) < 1.

Consider the Fourier series expansion of the function f:

f(z) =ap+ f: <En - cos(na) + by, - sin(na:)) .

n=1
Let g(z) = f(x) — ap. By the above
. f ol = inf o —
Jof I —wl = inf llg—wl

= |lf™| < inf [|¢ —
., e = < nf 1¢ -l

where ((z) = Wg(x)
Notice that
IST = 1. (11)

The function ¢ can be represented in the following form:

N/2

((x) = (Onp(@) + pnp(x))

where

O @) = Z(a’”’“’v cos<<p+kN>x>+‘W-cos<<N<k+1>—p>x>)
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and

3 by sin T b(kH)N P sin —plx
pp(T) = 0<|’fr)|| ((p+kN)z) + 0] (N(k+1)—p) ))

forp=1,2,...,N/2 -1,

o~ A(k41)N/2 N
Brxate) = 30 M o (-4 1))
k=0

X by . (N
pn,Ny2(T) = Z W - sin <2(kz + 1)3:) .
k=0

Further we (n)eed some no(tz)itions.
Let ¢p = 0x, I, dp = [l I,

1 - 1 )

o Onp(2), if ¢p # 0, Ly p(x), if d, #0,
folm) =g @ 70 P and  gy(z) =< @ P P

Onp(x), ifc, =0 punp(z), if d, =0

forp=1,2,...,N/2.

In these notations,

N/2
(@) =D (epfp(@) + dpgp(x)) and || £ = llgi”] = 1.
p=1

In addition, from it follows that

N/2

> (G+d) =1

p=1

Therefore, to prove inequality @ for any non-constant function f € Wg , it is
sufficient to obtain an upper estimate of in‘ﬁ |¢ — w||, where
weVy

N/2

((z) = Z(Cpfp(x) + dpgp()),

p=1
Z apkN - cos((p+ EN)x) + agpy1yn—p - cos((N(k + 1) — p)m))
k=0

and

Z prkN - SIn((p + kN)x) + be1yv—p - sin((N(k +1) — p)x))
k=0
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forp=1,2,...,N/2 -1,

> N
Inpe(x) = Za (k4+1)N/2 * COS <2(k‘ + 1)$> ,
k=0

gny2(z) = Z b(k+1)ny2 - Sin <2(k + 1)33) )
k=0

Hfm _ H (r) (12)
forp=1,2,...,N/2,
N/2
2 2
Z (Cp + dp) =
p=1
Let us introduce some notations.
For any p=1,2,...,N/2 —1 let
(fp, N p) (9p, WNp)
ap1 = — ———— < UN , Qp2 = — 7 Wwp,
P Iy (UNps UN p) P b I (WNp, WNp) P
and anyz1 = || fnsells anyez = llgnsell-
It is easily shown that
inf — < ;. 13
wlenVN ¢ —wl < p:1,...1,111\72}}2<,j:1 o AP (13)

Consider ap j for p=1,2,...,N/2 and j =1,2.
1. For the case p = N/2, we have

) 00 ) N —2r 00 N 2r
N1 =T Z Ak+1)N/2 = <2> ™ Z Ak+1)N/2 ( >
k=0 k=0

N —2r o8] N 2r —2r . 2
< <2> Ty <(k + 1)2> hirynye = <2> Hfj(\r/)z
k=0

If we combine this with , we get aN/2 1 < (N/2)
By the same argument aN/2 , < (N/2)72

Hence,
N —2r
O‘?V/Q,j < <2> (14)
for j =1,2.

2. Letp=1,2,...,N/2—1and j =1,2.
Consider the functions

0 () ap - cos(px) + an—p - cos((N — p)z), if j =1,
() =
P by - sin(pz) + by—p - sin((N — p)z), if j =2,
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oy ) (@) = b (), if =1,
rale) = {gp<x> — (@), it j=2,

G (2) = LeosPD) Fanpo - cos(N = p)a), ifj = 1,
p.J sin(pz) + ty po - sin((N — p)a), if j =2,

€ (.’L‘) — ’Uva<x) - vaj(x)7 Ifj = 17
i wp(@) — Coj(@), if j = 2.

Then

(bpj + hpyj,Cpj + €pj) ?
(Cp.j + €p.gs Cpj + €p.)
It is not hard to prove that ¢, ;, , ; are orthogonal to the functions h,, ;, € ;,

1. e.

(Cpj + €p,j)

H(Em + hp,j) -

(Up.jrhpj) = (Upjsepj) = (Cpjs bpj) = (Cpojs €p,j) = 0. (15)
This implies that
CyiiCo i)+ (hpis€pi 2
O‘I%,j = ||fp.j + Ppj — ( pyﬁgp?l + ﬁ‘;i 2p7j) (Cpj +€pj)|| = A1+ A2+ As,
where )
(fpj,ij)
Ay = ||ly; — - - Coiteni)ll
P s P+ leps P 79 )
(hp,j» €p,j) 2
AQZ‘h'— 0> P, Coi + €pi 16
P3G 12 + lepglP 27 T P (16)
and
Ay =2 <£ (i Gpg) - (Gpg + ) he (hpj>€pg) - (Gpj + €p,j)> . (17)
P ||€p,j 2+ Hep,j 2 > HCPJHQ + ”5:073'”2
Further, Ay = A1 1+ A12 — 2+ Ay 3, where
(gpjanj) ?
Arn = |[lpj — D Cpojll
PGl + llep 127
b, s )2
Ay = el 2 (18)
(ISpi11% + llep,i11%)
e (2 Go) (2 Go)
A1’3:(€7_ D.J> Sp.J <7.’ D:.J> Sp.J 6")-
P HCp,jH2 + Hep,j”2 P HCp,j’ 2+ Hep,j’ 2

Using , we get Ay 3 = 0. Also, we see that

2

Al =

1 1 1
b = b5 60) (e + - )
P a7 apd HCPJ’P H<p,jH2+ Hep,jHQ HCpJ’Z -
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=A11+ A2+ A,

where
11,0 = ([€pj — WCM ;
1 1 \?
Avrs = (6, Gpi)? ( - ) Tk
PIERIT\N1Gp g2 4 Nepl? 16p112 P
and

(ep,jv Cp,j) 1

A1,1,3=<€,‘—C,'7C,'>'< -
P ||Cp,j 2 on > ”CpJHQ + ||€p,j||2 ||Cp,j’

It follows from that Ay 13 =0.
Consequently

O‘JQDJ =A111+ A2+ Ao+ Ax + As.

2
By 7p,; denote HZ}(;)H . Using , we get

th(fj) = 1=,
and
0< Vpj < 1

Let us prove that

By construction

(i, Cps) = m(ap+an—p-qnpo), if =1,
P:J o SP,J ﬂ'(bp—l-bN—p‘tN,p,O), ifj =92
and
2 e
I6pal* = Lt o) 65 =1
il =

14 Bp0) 05 =2

If we combine these equalities with , we get

2
ap + AN—pgdN,p,0 ap + AN—pgdN,p,0
Al,Ll =T ap — P P P + AGN—p — z 1 217 L
T AN po

L+ q12V,p,0

(21)

(25)

(26)

2
QN,p,0>

(ap - qJQV,p,O —aN—p N p0)° + (an—p = ap - AN p0)? 7T(GN—p —ap - qNpo)?

(1 - q12V7p70>
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for the case j = 1.

Similarly,
bN—p — by - tNp0)?
Argg = 7T< pl 20)
+ tho
for the case j = 2.
Also, we see that
m pz"-af,—l—(N—p)Q-a%V_p), if j=1 o7
Ypj =
DsJ . p2T-b§+(N—p)2T-b?V,p),ifj:2-

It is not hard to prove that
2 Vp.i . p2r+02 . (N_p)Qr

% £ Ty e

where |
D:{(l”y)GRQ: w2-p2”“+y2~(N—p)2’“:m}.

T

By setting ¢ = a, and ¢ = by, we obtain

2r 2r, 2
p*"+(N—p)"q e -
( ) N,p,O’ if ] = 1,

s b, 7 2
4+q% ,0 7 p*"(N—p)*"
Al,l,l S - Y p2r+(N—p)27"t?V,p’0 9
1+t?\7,p,0 T pQT'(N—p)QT ) .] -
By and , it follows that
9 2(m+l)
P+ (N =p)* - e - 5 (%)
At < vpj- o 20t 1) 2 (P
P (N = p)* <1+W o7 (% ))

. N]\j(;(w:;) (1= ﬁ)2(n;(+1+73 + (]{’;)Zim:r) -¢7 (%)
" I=%)""""+(F)" e (F)
Hence,
A1 <7 N2 om; (%) ; (28)
where

(1 _ $)2(m+1—r) + p2(m+l-r) @?(«T)
n;(x) = (1— x)Q(m—‘,—l) + 22(m+1) @?(l’) .

Let us prove that n;(p/N) < 22"

We get
§j(x)

PR
((1 — 2)2mt1) g g2(mt) 60?(15))

ni(x) =
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where ,
C](x) _ ((1 o $)2(m+1—'r) + I,Q(m—i-l—r) . @i(x)>

. ((1 - w)Q(m—f—l—r) + $2(m+1—r) . ¢3($)>

/
% <(1 _ x)2(m+1) 4 p2(mt1) <P?($)) ‘
It can be easily checked that if m 4+ 1 = r, then
&i(z) = 2<pj(:r)<p;~(ac) ((1 — x)QT — x%) + 27"(,0?(33) ((1 — x)z’" — :L‘QT) +

+2r ((1 — :L')zr_l — xzr_lcpjf(w)) .

By the assumption of the theorem ¢; is an increasing differentiable function
and 0 < p;(z) < 1. Thus §;(z) > 0. Hence, nj(x) > 0 for any z € [0,1/2].
It is not hard to prove that if m + 1 > r, then

fj (l’) — 9 ((1 _ $)4m—27"+3 _ x4m—2r+3¢?(x))

+2§03($)(p;($)(1 _ x)Q(m+1—r)x2(m+1—T) ((1 o $)2T - x27’)
+2g0?(x)((m +1— 74)332(m77“)+1(1 _ x)2(mfr)+1((1 _ m)2r+1 _ x2r+1)
+(m + 1)x2(m+1—7’)(1 o x)?(m—i—l—r)((l - x)2r—1 - x2r—1))'

By the same argument, £;(z) > 0 and 7;(x) > 0 for any = € [0, 1/2]. Therefore
the function n;(x) increases on the segment [0,1/2].
Since p < N/2 — 1, we see that 7;(p/N) < n;(1/2 —1/N). By construction,

2(m~+1—r 2(m~+1—r
(1) G
Ui 1

+ 2 )

2o N)

2(m+1 2(m+1
G+E) V(G- E) 2 (-4
2(m+177") 2m+1_r k}
() (et G- 4) ()
_ 27‘. k=0

(D) (1 et - ) (G

k=0
It follows from the properties of the function ¢;(x) that

OS%(;;{)S%(;)SL (29)

If we combine this with

(2(m+k1—r) > < ( 2<m1<;+1) )
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we get

(1 1> 2(77:1 r)< (m]j 1) > <1+(_1)k 22 (4 - %)) (2"
mi (= — =) <o m_o
T\2 N 2(k§1)< 2(mk+ 1) ) <1+(71)k 90? (%7%» (%)k
Obviously, <1 1) )

Ny 5N <27,

Hence, nj(p/N) < 2. Combining this inequality with , we obtain (24)).
Let us prove that

N1
2
A2 < ypj-M”- <2) " Sami3 (30)
Using ([20]), we obtain
lepsll*

Ar1o = (lpj, ) 5
1<, 11% - (ISp.5112 + lleps11%)

It follows from that [|(,;||> > 7 and

o1+ llepl® = 7.

Therefore,
A1 12 < (s Gog)? - llepll* - 72

it follows that qN o<1 and tN o<1 If we combine

From ( ., and (|
D and (| . we get

these inequalities w1th
2 2 (2 2 2 2,2
(lp1,Cp1)” <27 (ag + aXy_p - ahpo) < 27° (ap +ak_,)

<2 p* - (ap- PP +aX_, - (N=p)7") =27 p 7 1.

Similarly, (€p2,(p2)? < 27 - p 2" - po.

Hence,
(Lp,js Cp,j)2 <2m-p 7. Vp.j

for j =1,2.
By construction,
(rnp - cos((p + kN)x)+
+anpk - cos(N(k+1) —p)z)), if j =1,
(SNp k- sin((p + kN)z)+
s - sin((N(k + 1) — p)a), if j =2

18

M
)

ep,j(2) =

\Mg
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This implies that

o0
Yy (’I“12\77p7k + q?v,;;,k) ,ifj =1,

ll€p.s 2= =
> (30 + ) » i35 =2

Using @ and , we get

P >2(m+1) .

lepsll? < M -7 (£ (33)

If we combine this inequality with , we obtain
p4(m+1)—27"

2 e
A17172 S 2M ’ ’YPJ N4(m+1) :

Since p < N/2, it can easily be checked that holds.
Let us show that )

N\ " M

A2 <pj <2> " 9am (34)

It follows from , , and that

1 ( D )2(m+1)

) 2(m+1—r)
Ao <21p Typi— | =

p

By assumption, m + 1 > r and p < N/2. Therefore,

N 2(m+1-r) 1 N —2r M
Arg <pg-2M- <2> SN2 TP <2> 22m+1

Let us prove that

N\ L=,
A2§<2> ek (35)

Using , we get

(hpj7€pj)2
Ay = ||hp,j||2 + . : 7" (Cp,j +€pj s Cpg T Ep,j)
([1Cp.5112 + lleps11*)

_2 . (th’epm])
1Cp,il1% + llep,; 11
If we combine this with , we obtain

: (hp,j s Cpj T €pyj )-

(hpj>€pj)2 (hpj76pj)2 2
Ay = |y P+ el g e ) )
P 1Cpi 112 + llep,s112 1Cp. 11 + llep,s112 P
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By construction, we have

o
1hpa|* = WZ ( apykN + a (k+1)N— p)
k=1

w(p+ N) 23 (0 kN a2 o + (R + DN = p) e, ) =

k=1
(p+N)~ Hh(r
Similarly, [[hp2l|* < (p+ N)~ Hh . Thus
Il < 0+ N> - [0 5= 1.2
Combining this with and p < N/2, we get
-2
Wyl < 2=ps 1% 1= 1= (N g
p,J = (p—}-N)Qr N2r (1 + %)21" - N2 92r 2 :
Inequality follows.
Let us show that
N\ 1
40l <2 s 1= (5 ) (37)

From and it follows that

(hp,js €p,j)
A3 =20, i, hy i) — 2 - : E,',C,'+67'
3 ( 12} p,]) HCPJH2 n ||6p,j||2 ( ;72 Sp,J P])
16p,i 112 + llep,; 11
2(€p7ja<—p,j) ) (hp7j,€p,j) (HC ||2+ ||€ ||2) — _2(
(1o 5112 + llepgl® "
Therefore,

(hp,jv Cpj + €pj)+

lpjsCpg) - (hpjs€pj)
1,512 + llepsll?

1€p,s 117 + ll€pl
If we combine this inequality with , , , and p < N/2, we obtain

|A3| <2 % 2m - Tp,j* p ( /7?] v ( )erl

pm+1fr
= 2\/2M (1= ) ————
Vp,j ( %,J)Nmﬂ(p TN
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m—+1—r

p
N ()

(N/Q)m-i-l—r
< 2\/2M’Yp,j(1 — M) - TN

N\ 1

Inequality is proved.
It follows from , , , , and that

—2
o . < <N> ' (’Y 4 L=, + M2, n My, 4 V2Mp,4(1 _’Yp,j)>
P = .j .

= 2\/2M'Yp,j(1 - 'YPJ) <

2 922r 24m+3 22m+1 om+r
Since 7,5 € [0,1] (see (23])), we have

11— 1
Tp,j T+ 227~p7] <1and 7p,j(1 - 'Ypo') < 9

Hence,

—2r / 2
a§j§<N> <1+ 2Mo M M )
) 2 om+r+1 22m+1 24m+3 |’

where p=1,2,...,N/2—1 and j = 1,2. If we combine this with and ,
we get

N\ oM M M?
wien‘ﬁN ¢ —w]l < <2> (1 + Q\ri;l T oot T 24m+3> :
Using , we see that inequality @ is satisfied for any non-constant function
fews.

This completes the proof.

Remark In [I], A.N. Kolmogorov proved that

dy (W5, Lol . 7)) = (Z) - (39)

Therefore the estimate can be expressed as follows:

—~ —~ M2 M V2M
ELy—m,7] <W2T’VN> <dy (W2T’L2[_7r’7r]> \/1 + 94m+3 + 92m+1 + omtril

This means that Vj is an almost best linear space for approximation of WN/{ in
the norm of Lo[—m,7].
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Approximation properties of generalized Fup-functions

Consider the generalized Fup-function
1 [ . (sin(t/N)\™
m(x) = — e — F(t/N)dt
Prnta) =5 [ et (08 (t/N)

where N is an even natural number, m € N, m < N — 2 and F\(t) is the Fourier
transform of the mother function f(z) € La(R) such that

(i) supp f(z) = [-1,1],
(i

(iii

f(z) is an even function,
f(z) > 0 for any = € [—1,1],
7 fla)de =1,

F(m) >

Using Paley—Wiener theorem, we get

1V

i)
)
)
(v)

m+2 m+2

supp fnm C {—N, N] : (39)

Let

zr 2k-m-2+ N r 2k—-m-—-2-—N
- me
T N

INmk(E) = fNm ( I

forany k=1,2,...,m+1 and

N

INmk(x) = fNm <ji _2hmm—2- N)

fork=m+2,...,N.
Denote by Ly, the space of functions ¢ such that

N
T) = ch - fNmg(z), T € [—m, 7.
k=1

The aim of this section is to prove the following result.

Theorem 8 If m + 1 > r, then there exists M > 0 such that

—~ N -r
ELQ[—W,W} (ngLN,m> < <2> 1+e, (40)
where
M? N M V2M
E =

24m+3 922m+1 + om+r+1
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Proof.

First we shall show that there exists an almost-trigonometric basis of the space
Ly m.

Let us expand the function fy, ; in the Fourier series:

o ™
i 1 .
fNmp(T) = Z cj-€9", where ¢; = 5 / INamp(@) - eI da.

Jj=—0o0 o
For the case k =1,2,...,m+ 1 we get ¢; = I} + I, where

1 T 2k—m -2+ N .
Y N ST R
2 ’ T

N

and

1 T z 2k—m—-—2—-N -
L=o | fym(=- Lo U,
2 277/va <7r N > e

After the change of variables we obtain

 2k—m—2
1 2k—m—2—N -
I, = 5 oxXP (—z’jw- mN ) . / INm(z) - e V" dz,
72721@7]3172
2_2k:—]:]n—2
1 2k —m -2+ N |
I, = 5 &XP <—ij7r- mN + > . / INm(z) e " dz.
_ 2k—m-—2
N
Since
. 2k—m—-—2—N . 2k—m -2 .
exp | —ijm - I =exp | —ijr - ———— |- exp(ijm)
o . 2k—m—2 exp(—ijr) = e . 2k—-m—-24+N
=exp | —ijm - ————— | - exp(—ijm) = exp | —ijw -
p J N p{—=v p J N )
we get
2_2k—m—2
1 2k—m—2—-N p
Cj = 5 eXp <—ij7r- mN > . / Inm(z) - e Y2dz.
_2_2k—m,—2
N

Using 1 <k<m+1and m < N — 2, we have

_2_2k—m—2<_1S_m+2 and 2_2k—m—2 m+2.

Y
—_
v
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If we combine these inequalities with , we obtain

1 % -—m—-2-N\ [ )
cj = - exp (—ij7r~ m > . / fnm(z) - e V™dz.

2 N
Therefore o 0N
1 .. —-—m—2— .
¢j = 5 exp <—zy7r- I ) - Fnm(jm). (41)
Similarly we can obtain fork=m+2,...,N.
Consequently
1 & . 2%k-m-—-2—-N , y
uma(@) =5 Y exp (‘w Ty ) Fym(jm) 69 (42)
j=—00
holds for every k =1,2,..., N.
Consider the functions
N
2 ) 2k—m—2—N
CN,m,p(x) = N kZ_l fN,m,k(aj) - €Xp (Zpﬂ : N >
forp=1,2,...,N.
By construction,
1 & g
CNmp(@) = N Z apj - Fnm(jm) - €97,
j=—00
where
al 2% —m—-2-N
apj =Y exp <i7r(p -J)- I >
k=1
We have
N . k—1
_ . . m - 2(p—J)
apj = exp (m(p —7) (—1 - N)) . ; <exp (m TN
N (=1)™, if j =p+ Ngq, where q € Z,
B 0, otherwise.
Hence
o .
(Nmp(®) = Y Fnm(w(p+ Ng)) - (—1)74 - /PN (43)
q=—00

forp=1,2,...,N.
Consider several cases.
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1. Let m be an even number. By 7 we obtain

CNmp(@) = Y Fym(n(p+ Ng)) - el @HNO™, (44)

g=—00

By definition,

sin(m m i -
Fm(aN(q-+ 1) = (2R D)) Fww+¢»={%mfiqu_L

From property (iv) of the function f it follows that

0, if -1,
Fnm(nN(g+1)) = g # .
1, if ¢=-1.
Therefore
CN,m,N(CU) =1.
Let
3 (CNmp(@) + CNmN—p(x)), if p=1,2,...,N/2,
% m,p— r)— m _plx)),
wN,m,p(x) = zl(CNv P N/2( ) CN,‘,3N/2_ p( )
if p=N/2+1,...,N—1,
CN,m7N(-'II), lf p= N
By the above
YNmN(T) =1 (46)

Using , we obtain

CNm N—p(T) = Z Fnm(=7m(p— N(q+1))) - e~ P~ Nla+)z,

It follows from property (ii) of the function f that the function F' is even.
Therefore

UNmN—p(@) = D Fnm(m(p— N(g+1))) - e 0Nz

Hence, for any p =1,2,...,N/2 we get

YN mp(T) = Z Fnm(m(p+ Nq)) - cos((p + Nq)x).

g=—o00



Bicuuk XHY, Cep."Maremaruka, npukjiaiia MareMaTuka i Mmexanika”, Tom 84 (2016) 83

Since F' is even function, we obtain

o

UNmp(r) = > (Enm(n(p+ Ng)) - cos((p+ Ng)z)
q=0

+ENm(m((¢+ 1)N —p)) - cos(((¢ + 1)N — p)x))

forp=1,2,...,N/2—1 and

YNmNy2(T —QZFNm< 2q+1)]§> s<(2q+1)]§x>.

In the same way,

[e.e]

UNmp() =Y (FNm(x(p— N/2+ Ng)) - sin((p — N/2 + Ng)x)
q=0

+FNm(r((g+1)N —p+ N/2)) -sin(((¢+ DN —p + N/2)z))

forp=N/2+1,...,N — 1.
2. Let m be an odd number. In this case, using , we get

Cvmp(@) = Y (~1)7- Fym(n(p+gN)) - ez,
q=—00
This implies that
CN,m,N(-T) = Z (_1)q . FN’m(ﬂ‘N(q + 1)) . eiN(Q+1)$_
q=—00

If we combine this with , we obtain

(NN (z) = —1.
Let
% (CN,m,p(x) + CN,m,pr(x)) y if p= 17 27 ceey N/27
O () = 35 (CNmp—N/2(2) = Cnman2—p(2))
M, =

if p=N/2+1,...,N—1,
CN,m,N(l'), if p=N.

As above, it can be proved that

o0

N mp(@) =Y (=D Fnm(m(p+ Ng)) - sin((p + ¢N)z)
q=0

+ENm(m((¢+ 1)N —p)) -sin(((¢ + 1)N — p)x))

(50)
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forp=1,2,...,N/2 -1,

[e.e]

N2 =2 (=1 Fym (W(Zq + 1)]2V) sin ((2q - 1)];795) . (51)
q=0

[e.9]

UNmp(@) =Y (D) U(Fnm(m(p — N/2+ qN)) - cos((p — N/2 + qN)z)—
q=0 (52)

—Fnm(m((¢+1)N —p+ N/2)) - cos(((g + 1)N — p+ N/2)z))
forp=N/2+1,...,N —1 and

wN,m,N(x) = -1 (53)

Consider the functions

1
ONmo(®) = (=)™ - YNmN(T), wNmo(z) = Iy m(7N/2) YN m,N/2(T),

YN mpin2(®)/FNm(mp), if mis odd,
,UN,’n’L,p(x) - i .
wN,m,p(x)/FN7m(7Tp), if m is even
and
UNmp(®)/FENm(mp), if mis odd,
WN,m,p(T) = . .
wN,m,anN/Q(fU)/FN,m(?Tp), if m is even
forp=1,2,...,N/2 —1.
Let us remark that Fi,,(mp) # 0 for p = 1,2,...,N/2. This statement will
be proved later.

From - it follows that

UNmo(x) =1,

s N (N
WN mo(z) = kz_:o <yN7m7k cos <2(2k + 1)x> + ZN m, i S (2(2k + 1):U>> ,
oma(2) = 3 (23 c0((p + KN)2) + @y cos((( -+ DN — p))
k=0
and
o0
WNmp(@) = > (SN mpok SI((p + kN)2) + tympi sin(N (k + 1) — p)a))

B
Il

0

forp=1,2,...,N/2 — 1, where

L+ (=)™ Fygm (75 - (2k+1))
2 Fym (7 5)

YNmk =
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g 1= (=)™ Eyg (7 5 - (2k+1))

N = (CDF ey (55)
g = (<1 D HE LT (56)
g = (e EnlrVG 1) ) -
s = (1) DenIELLT) 59
ENmp = (—1)mEFDFL FN,m(ngﬁgﬂ(:p)l) —?) (59)

We see that the system {vn m p, w N’m’p};’\/:/g—l constitutes an almost-trigonometric
basis of the space Ly .

Now we show that all conditions of Theorem [7 are satisfied.

First note that condition (iii) of Theorem [7|is satisfied.

Secondly, from and it follows that

Fnm (m(N p))>2
FN,m(ﬂ—p) .

2 42 _
ANmp,0 = tNmp,0 = <

By construction,

sin (mp/N

Frntn) = (PN p ey

g - (SR et )

() )

This implies that

2(m+1)
/2 _ 2 _(_P 2 (2
N,m,p,0 — qumvpvo - N —p ¥ N )

where Fla(l— 1))
(1 —
="
Let us prove that the function ¢ is positive, increasing and differentiable on
[0,1/2].

It follows from properties (i) and (ii) of the function f that

1
F(rnt) = 2/cos(ﬂ'tm)f(x)dx.
0
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For any z € [0,1], t; € [0,1/2] and t3 € [0,1/2] such that ¢; < t2 the inequality
0 < wt1x < wtgxr < 7/2 holds. Since the function f(z) is positive (see property
(iii)), we have cos(wtix)f(x) > cos(mtaz) f(x). Therefore F(wty) > F(wta). This
means that the function F'(7t) decreases on the segment [0,1/2]. Hence, F(nt) >
F(7/2) for any t € [0, 1/2]. Furthermore, cos(zm/2) > 0 for every z € [0, 1). This
implies that the equality

1
/cos xm/2)f(z)de =0
0

holds if and only if f(z) = 0 for almost every = € [0,1]. The last statement
contradicts the properties of the function f(x). We see that F'(r/2) > 0. Therefore
F(xt) > 0 for every t € [0,1/2].

Moreover, by construction,

P :(sm(g@))y“_ ™
N,m(7p) F( >>0

= N
for p = 1,2,...,N/2. This implies that the functions vy, , and wy,my,,, were
defined correctly.
Further,

1
F(n(1—1t)) =2 [ cos(m(1l —t)x)f(x)dx.
[~

Consider t1,t2 € [0,1/2] such that the inequality ¢; < t2 holds. We obtain
0<m(l—to)x <m(l—t1)x < forall z € [0,1]. If we combine this with property
(iii) of the function f, we see that cos(m(1 — t1)z)f(z) < cos(m(1l — ta2)z) f(x).
Equivalently, the function F'(7w(1—t)) increases on the segment [0, 1/2]. Therefore
F(n(1 —t)) > F(r) for t € [0,1/2]. From property (v) of the function f(z) it
follows that the function F(w(1 —t)) >0 for ¢t € [0,1/2].

Thus the function ¢ is positive and increasing on the segment [0,1/2]. In
particular ¢(t) < ¢(1/2) =1 for any ¢ € [0,1/2].

By Paley-Wiener theorem, the function F' is an entire function. Therefore the
function ¢ is differentiable on [0,1/2].

Finally we shall show that the last condition of Theorem [7] is satisfied.

By construction,

Fnm(mp) = <Sin7r<;r;)]<fN)>m+l o (l]\zfj) )

sin (k + ﬂ'p/N))erl o (7r(p + k:N))

FN,m(”(p‘i‘k'N)) = < 7T(p+kN)/N N
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and

» = (s ‘Wf//f?)m“

m((k+1)N —p)
F
< ( Y
Hence, we obtain

(Funlrlo Y () (R

(Y ()™

" <F(7T((k+ 1)N—p)/N))2
F (mp/N)
It follows from the properties of the function f that

1
= / s(tz) f(x)dx <2/\ (x)|dx
0
1 o0

~ [ 1@z = [ st -

-1

Fym(m((E+1)N

and

Moreover, by the above F(mp/N) > f(n/2) >0 forp=1,2,...,N/2.
Therefore

(FNWJE(;SS(;];N))Y = Fz(;p) ' <p +pkN>2<m+1>

and

Fya(n((k + ON = p)\? _ 1 b\ 2D
( Fym(p) ) SF%wm'<w+nN—p> |

If we combine this with 7, we obtain

o0 o0
2 2
D (PR + Wompe) = D (N + k)
k=1

S Fnm(m®+kN)\? ([ Fxm(r((k+1)N —p))\>
-2 (( Enm(mp) ) +< FNm(mp) ) )
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. 1 | 0o < D >2(m+1) +< D >2(m+1)
=Py 2\ \pen kT )N —p

1 p A\ 2(m+D) ( 1 1 )
= —_ . + .
F2(7/2) (N) ; (k+ p/N)2m+D (g 41— p/N)20m+D)
Since 1 > p > N/2, we get

— 5 2 — /2 2 P 2(m+1)
Z ("X mpk T N ampk) = Z (SNmpk T N mpk) < (ﬁ) - M,

k=1 k=1
where
1 > 1 1
M=——7—" + . (60)
F2(7T/2) ; ((k_}_]{[)ﬂmﬁ-l) (k+]{[+%)2(m+l)>

We see that all conditions of Theorem are satisfied and inequality holds.

This completes the proof.

Remark. Actually, it was shown in the proof of Theorem [§|that the dimension
of the space Ly, is equal to N. Therefore the system { f]\[’,n’k},]g\[:1 is linearly
independent. Moreover, by definition of the Kolmogorov width, we see that

dy (Wg’,m[—w,ﬂ) < Epyforn] (I/IN/Q,LNM> . (61)
If we combine this with and , we get

dn (WQT,L2[—7T,7T]) R D - <VT/2T’LN,m)

S dN (W§,L2[—7T77T]> V 1 +€(Na m, T)v

where )
M M V2M
5(Na m, T) = 24m+3 + 92m+1 gm+r+1°

Furthermore, it follows from and the equality
S
4 on’
— k 90
that
2 =1 1 ™
M< —. = .
~ F?(mw/2) ; K+ F2(m/2) 45

Hence,

Nym—oo g (WQT,LQ[—TF,?T]) -



Bicuuk XHY, Cep."Maremaruka, npukjiaiia MareMaTuka i Mmexanika”, Tom 84 (2016) 89

This means that Ly, is almost the best space for approximation of the class

WQ’" in the norm of La[—m, 7]. In other words, the generalized Fup-function fy n,
which is a function with a local support, has good approximation properties.

Conclusion

In this paper we introduce a method of construction of function spaces that
combine the following convenient properties:

1) an existence of the basis that constructed using shifts of one compactly
supported function; besides, as it can be seen from (39) a support of this
function can be made arbitrarily small;

2) smoothness of functions of these spaces; moreover, the degree of smoothness
of these functions can be arbitrarily large; for example, if the mother
function is mups(x), we get infinitely differentiable generalized Fup-
function;

3) the dimension of these spaces can be quite arbitrarily;

4) good approximation properties; the class WQ" is a classic object of
investigation in approximation theory, theorem [8|actually means that spaces
of shifts of the generalized Fup-functions approximate W3 well; furthermore,
these spaces are almost the best spaces for approximation of W{ in the norm
of Lo[—m,7;

The last property is the most important.

Notice that spaces of shifts of the generalized Fup-functions have good
approximation properties because of existence of the almost-trigonometric basis.

We stress that the almost-trigonometric basis theorem is another important
result. Actually, if it can be proved that some space of functions has an almost-
trigonometric basis, then this space has good approximation properties.

In spite of all convenient properties, there are many unsolved problems relating
generalized Fup-functions. The following open questions are of interest:

1) How can some generalize Fup-function be computed (generally, for this
purpose the Fourier series can be used)?

2) Can convenient asymptotic expansions of generalized Fup-functions be
obtained (we note that the first term of asymptotic expansions of these
functions was already obtained in [26])?

3) Can the inequality be replaced by equality
ELQ[—’?T,’TI'] <W£a LN,m) =dn (WQT, LZ[_T‘-7 ﬂ-])

(notice that by theorem [5| this equality holds, if up(z) is a mother-function
of the generalized Fup-function)?
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4) Can it be proved that
By (Wios L) < div (Wi, ) - (14 (N m)),

where a(N,m) — oo as N,m — oo (see theorem [4] for the up-function
case)?

These will be the object of another papers.
Acknowledgement. Research of V.A. Makarichev is supported in part by
N.I. Akhiezer Foundation.
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Ycepenenne ypaBHeHus: Juddys3un B 001acTsIX €
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B pabore paccmarpuBaercst KpaeBasd 3ajada JJisi yPaBHEHUs CTAIMOHAPHON
muddy3nun B mepHOpUPOBAHHON 00JIACTH, JOMOJHATEILHON OOIBITOMY THUCITY
HE IIEPECEKAIONINXCs MEJKUX IMapoB Ha IIOBEPXHOCTH KOTOPBIX 33/[aéTCs
HesmHeitHOe yciosue Tura Pobena. l3ydaercs acMMITOTHYECKOe IIOBEJIEHUE
peltennst 3a/1a9u. BBIBOISATCS yCpeIHEHHBIE ypPABHEHUS, ONMUCHIBAIOIINE [JIaB-
HBII YJIeH aCUMIITOTUKU PEelIeHUIl.

Kmoueswvie caosa: yepeanenne, nucddysus, yeaosue Poberna, KBa3upereHus.

Xiumpkosa JI. O. Ycepenneuusi piBHsinHsa audy3ii B obiiactsax 3 ApidoHO-
3€PHUCTOI0 MeXKel0 3 HeJiHiliHOI0 rpaHnYHoI0 yMoBOIO Tuity PoGena.
B poboti posrisimaeThest KpaitoBa 3aada Ay PIBHAHHS CTAIIOHAPHOL Tudy3il
B mepdopoBaHuUX OOJACTHAX, MOJATKOBUX BEJHUKOMY YHCIYy IPiOHUX KyJib,
IO He TEPETUHAIOTHCS, HAa IOBEPXHI SKUX 33JIa€ThCs HEJIHIHA yMOBa THUILY
Pobena. BupuaeTbcst acuMIITOTHYHA TOBEIIHKA PO3B’s3KiB 3aati. BuBomarbest
yCepeJIHeH] PIBHSIHHSI, [0 ONKMCYIOTh TOJIOBHUIl WIEH aCUMITOTHKY PO3B’SI3KiB.
Karouoei caosa: ycepennennsi, mudy3is, ymoBa Pobena, KBa3ipo3s’si3ku.

L. O.Khilkova. Homogenization of the diffusion equation in domains
with the fine-grained boundary with the nonlinear boundary Robin
condition. In this paper we consider the boundary-value problem for the
stationary diffusion equation in perforated domains, which are additional of a
large number non-overlapping small balls on the surface of which is given the
nonlinear Robin condition. We study the asymptotic behavior of the solution
of the problem. We derive homogenization equations describing the principal
term of the asymptotic of the solutions.
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Bsenenue
Bo mHOrmx ecrecTBeHHBIX HayKax, B YaCTHOCTH B 9KOJOTHHU, XUMUK, (DUBNKE,

BO3HUKAET HEOOXOAMMOCTD B U3y9eHUH IIpoleccos mudy3nu B cpelax, cojeprKa-
MNX MHOPO/JHBIC BKJ/IIOYEHU A, Ha ITOBEPXHOCTU KOTOPLIX ITPOUCXO/JUT ITOIVIOIIECHNE
muddynaupyomero semecrsa. s cTalMoHaAPHBIX IPOIECCOB, IJIOTHOCTD JUd-
dbyuaupyrommero Bemecra u®(x) (Iapamerp € XapaKTepu3yeT PACcCTOSTHUST MEZK Ly
BKJIIOUEHUSIMH ) ONUCHIBAETCST KPAEBBIMU 3a/[a4aMy JIJisl SJUIMIITUIECKAX YDaBHE-
HUl B 1epOpUPOBAHHBIX 001aCTsIX (1€, IOTOTHUTEBHBIX K IIOTJIOIIAKIIIM BKJTIO-
genusaMm F€ (QF = Q\ F¢), ¢ rpannanbiM ycaoBreM Tuna Pobena Ha ITOBEPXHOCTSIX
BKJIOUeHuit OF¢:

—Aut(z) = f(z), x € QF,

g

(9?16151‘) + o (z,u°) =0, x € OF°.

. N
[Tpu ouenn GOIBIIOM KOIMYECTBE MAJIbIX BKJ/IIOUEHHN F€ = Ui:(lE )Ff (N(e) —

00, diamF; — 0) mpsiMoe HaXOXK/IeHHE PeIIeHnsI STO! 3aa Il IIPAKTHIECKN HEBO3-
MOKHO B BHJLy CJIOKHOCTH obsiactu 2°. EcTecTBeHHBIH 1I0IXO0I B 3TOI CHTyalun
COCTOHUT B HUCCJIEJOBAHUU aCUMIITOTHYIECKOI'O ITOBEACHU A DEIICHUA IIPpU yMeHbH_Ie—
HUM Pa3MEPOB BKJIOYCHMI U yBEJMYEHHH UX 9HUC/Ia, U, KAK CJIEJICTBUE, IIOCTPO-
eHre ycpeaHEHHON Mojenu mporecca Juddy3un ¢ MOIVIOMEHUEM. DTOT IOIXOI,
ObLT Pa3BUT JIOCTATOYHO IHOJIHO Ui HEPUOJUICCKH PACIIPEICICHHBIX BKIIOYCHH
(¢ MaJIbIM [EepHOJIOM €) KaK € JIMHEHHBIM, TAK U HEeJUHEHHBIM MOIJIOMEHUEeM Ha
rpanune ([1, 2, B, 4, Bl 6l [7, 8, O, 10, 11, 12, 13, 14]). ouru Bo Beex paborax,
HOCBAIIECHHBIX TAKOH 3ajade Ipeo/iarajoch, YTo pa3Mephbl BKIIOYEHUIT 1 II0T-
HOCTD IIOIVIOIICHMA Ha UX ITOBEPXHOCTU MMEIOT TOT 2Ke ITOPAJO0K MaJIOCTH £, YTO 1
[epUOoJI; B 9TOM CJIydae IpeJe/bHOe Horommenne npu € — 0 HeHy/JIeBoe 1 KOHeY-
HOE.

B mamnoii pabore paccMaTrpuBaercs ciydaii, KOrja BKIIOYEHHS OY€Hb MaJIbl
U PACIOJIaraloTcsi IPOU3BOJILHO (He nepuogndeckn). [Ipenosaraercs, 4o BKIIIO-
YeHHsl — 9TO MIAPBI PaJlyca Hopsaaka €%, a IUIOTHOCTH IMOIVIOIIEHHWS Ha MX IIO-
BEPXHOCTH HMeeT HOpsioK €. Ecim mapbl o4eHb MaJjbl, TAK 9TO CyMMapHasi
ILJIOIIAIb ITOTJIOIIAIONIEH TOBEPXHOCTH MaJa, TO JJIs TOrO, YTOOBI MPeIeIbHOe II0-
LJIONIEHHE ObLIO OTJINIHO OT 0 HEOOXOMMO, YTOOBI IJIOTHOCTD IIOIJIONEHUS ObLIa
BeEJIUKa. TaKaH CI/ITya.HI/IH XapaKTepHa JJIgd IITPOIEeCCOB OYNCTKH BOJALI C IIOMOIIBIO
MEJIKOIMCIIEPCHOTO CHJILHOIOTIOMAIONIETO TTOpoIIKa. B mannoit paboTe Mbl pe-
nojaraeM, 9To 1npu € — 0 CyImecTByeT NnpejeabHas IJIOTHOCTD PACIPEIe/ICHIs
[IEHTPOB IapoB B objacTu {), U BBIBOAUM YCPEIHCHHBIE ypaBHeHUs auddys3un B
cpejie ¢ TOIJIOIIEHNeM JIJIsl Pa3/InIHbIX 3HaUeHuil mapameTpos (a, ) € A = {1 <
a<3,2a+p =2 3}U{a >3, —o00 < B < oo}. Ormernm, 9T0 paHee cirydait
HEPHUOJMIECKOro pacipeieienust mapos upu (a, ) € {2 < a < 3, § = 3 — 2a}
paccmarpuBasicst B padore [10].

Jannas paboTa opraHusoBaHa cjeayiomuM obpaszoMm. B pasgene 1 mana Tod-
Hasl TOCTAHOBKA, 3318491 1 ¢OPMyIMPOBaH OCHOBHOI pe3ysbrat. B pasaesne 2 npu-
BEJICHO J0KA3aTeIbCTBO OCHOBHOI TEOpEMBL. JTOT pasesl JeIUTCS Ha HECKOJIBLKO
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[O/IPA3JIeI0B, KOTOPbIE COOTBETCTBYIOT OCHOBHBIM IIAraM JloKa3areabcrBa. [Ipu
JIOKA3aTeIbCTBE MCIOJIb3YETCsl METOJI, «KBa3UPENIeHnil», KOTOPBI ObLI PasBUT B
pabore [15]. Dror MeTo OCHOBBIBaETCS HA BAPUAIIMOHHBIX SHEPIETUIECKUX METO-
Jlax, paspaboTaHHBIX paHee [IPU pelleHnn 3a1a9 ycpeaHenust (Hanpumep, [16]).

1. ITocTanoBKa 3aJa4YM M OCHOBHOI pPe3yJIbTaT

[ycrs ) — orpanmdennas obaacTh B IpocTpancTse RS ¢ rpanmmueit 02, B Ko-
) — He IepeceKaIoNUecs Maphl
pajuycos ¢ ¢ nentpamu B Toukax ¢ (i = 1,..., N()). 31ech € — masblii mapa-
MeTp, XapaKTepUsyIoIuii «Cpe/lHee» PACCTOSTHUE MEXKJLy OJIMzKANIIIMU mapamu.
Pauycer mmapos mpu € — 0 cTpeMaTest K Hyamo, a ux Komraectso N (g) = O(e73)
pacTer.

TOPOH pacIojozkensl Bryodenus Ff = B(x',r

B obsacru QF = Q\ F* (F¢ = Ui]i(f )Ff ) paccMaTpuBaeTcsi KpaeBasi 3a/1a4a
— Auf(z) = f(x), v € Q°, (1)
€ .
a”a(”“")+a€(xw,u€) =0,z €0F,i=1,..,N(e), (2)
v
u®(z) =0, x € 0. (3)

3
2
e A=) % — oneparop Jlamnaca, v — eqMHAYHAsA HOPMaJIb K rpanuie 0F°,
i=1 7%

BHENTHsIs 110 OTHOIMIEHHI0 K obmactu F; dynkmusa ucrounmkos f°(x) € L2(1)
3ajiaHa, a QYHKIUS IJIOTHOCTH IIOMJIONIEHUsT 0° (T, u) YIOBJIETBOPSIET YCJIOBUSIM:

ay: 0°(x,u) = Po(x,u), e B € R, o(x,u) € C(Q,CYRY)) u o(x,0) = 0;
ag: Ve € Q: 0<k < %a(w,u) <hko(1+ |ul”), e 0 < v < 1.

Kax m3BecTHO, Ipy Kazk10M (DUKCHPOBAHHOM € CYIIECTBYET €JUHCTBEHHOE Pe-
menne u(z) sagaun ([I)-(B) (cm.manpumep [I7]). B nanmoit paGore nsyuaercs
acuMITrornieckoe nosejgenne uf(x) upu € — 0, Korja qucso mapos N(g) — oo u
ux paguycsl 15 — 0 (i =1,..., N(¢)).

YTouHIM pacrosiokKenue u pa3mepsl mapos FF. VIx paguycel onpegenmum pa-
BEHCTBOM

ri =ase”, (i=1,...,N(eg)), (4)

rje napamerp « > 1, a uncia a; Beibuparorcs Tak, uto 0 < a < a; < A < oon
a, A He 3aBUCAT OT €.
Ob6ozHaINM

ds = dist | %, U 7€ U 00 (5)
i#]

paccTosiHue OT IEHTPA § — IO JI0 MEHTPa OJIUKARIIEro Mapa Win 0 rpaHutisl 0€);

aﬁ(rf)Q upu (o, B) € AN{5 = a}l;

bi = ri upu (o, f) € AN{S < —a},

(6)
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qnciia b xapakTepusyIoT II0PsJ0K MaJIOCTH IIOTJIONIAoNIell ClIOCOOHOCTH KazK/I0r0
mapa Mpu PasjInIHbIX 3HAUYEHUSIX apaMeTpoB «, 3.

Bynem npesmnosarars, 9To mapbl B obsactu {2 pacmoyiararorcs Tak, 9TO BbI-
MTOJTHSTIOTCS YCJIOBUS

di: 32 <se <1:df > (rf)™ u lim max df — 0;
e—=0 1

N(e)

bE x9
do: 12, < < Z d5(3(%2 7 < Cy, ryie Cp He 3aBUCHT OT €.

Ecimm ydecTh, uTO cpejiHee paccrogHHMe MeXK]y IeHTpaMu mapos F; nmeer
MOPSIOK £, TO ycjaoBust di, dg TpeOyioT, ITOOBI Iaphbl PACIOJIATaINCh HE CJIUII-
KOM OJIN3KO JIpYT K Jpyry. B ocTajbHOM PACIOIOKEHNE MIAPOB MOXKHO CUUTATD
IIPOU3BOJILHBIM.

[IpocTpancTBeHHOE pacipeiesieHre IJIOTHOCTH HONJIONeHus B objiactu ) 3a-
JaJIIM C ITOMOIIBI0 00001eHHON (DYHKIIUN OT T, 3aBUCAIIEH OT IapaMeTpoB &€, U:

N(e)
(x,u) = Z E(u)-5(x —2), (Ve >0,Vu€ R : &(z,u) €D'(Q), (7)

rae §(x) — neabra-pynkimn Jupaka, a ¢ (u) — dyHKIUN IOIVIOMATETLHON CIIO-
cobroCTH mAapoB, onpeenéunbie npu (a, f) € A = {1 < a < 3, 2a+ > 3}U{a >
3, —00 < 8 < 00} paBeHCTBAMU

om(a$)2g(x%, u)e®*P upu o+ > 0;
¢ (u) = ¢ 2mas [u — Vf]2 €% + 2 (af) g (', ‘/;-6)82a+ﬁ npu « + 8 = 0; (8)
2rasu’e® mpm o + < 0.

B sTom pasencrse

g(z,u) = 2/ o(x,r)dr 9)

0

u VF = V#(u) - pemtenne ypasHeHust

VE(u) = u— S, V7). (10)

B janHoii paboTe Mbl M3ydaeM acUMIITOTHYECKOe ToBejeHne npu € — 0 pe-
mennit u®(z) sanaan (I)-(3) o pasnmmunex sHavenmit mapamerpos «, 3, mpu
YCJIOBUH, 9TO IIaphl paclpejeneHbl B obsactu ) 00bEMHO, TaK YTO IJIOTHOCTD
pacIpeIe/IeHus cxomutes B caaboit ronosorun D' (Q) k o6branoit GyHKIMEI
c(z,u) € C(, CY(RY)). Inst 9TOTO CHAMATTA OIIPEICNM B KAKOM CMBIC/IE TTOHIMa~
eTcsl CXOJIMMOCTD pereHnil u(x), oupeesIéHHbIX B 11epOpUPOBAHHBIX 00IACTIX

Q°.
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Bysem rosoputh, uto nocienpoBareabHocTh yuKnuit u(x) € LP(F) cxomur-
ca B LP(QF,Q), eciim cymectByer dyuxims u(z) € LP(Q) Takas aTo

iy Ju” = x*ullzre) = 0,

rue x°(r) — xapakrepucruieckas pyHKus obaacru 2°.
OcCHOBHOI1 pe3y/IbTaT AaHHON pabOThI CJIeLyIONIHii:

Teopema 1 Ilycmws obaacmu QF ydosaemesopsarom ycarosuam di, do u npu e — 0
BHINOAHAIOMCA YCAOBUA:

1. obobwennvie dynryuu c(z,u) npuYu € R cxodsmea 6 craboti monoao-
2uu npocmpancmea D'(Q) x dyrnwuyuu c(x,u) € C(Q, CLH(RY));

2. gynryuu f5(x), npodossicennvie nyaém na mmoocecmeo F€, crodames
caabo 6 L2(Q) % dynwyuu f(z).

Tozda pewenus u(z) sadawu (I)-(@3) czodamea e LP(QF,Q) (npup < 6) x
Pynryuu u(x), asasowelica pewenuem Yepedrnénnol 3adauu

—Au(z) + cy(z,u) = f(x) 6 £, (11)

u(z) =0 na 09, (12)

2de cy(x,u) = %c(w,u).

Puc. 1: ObiacTh u3MeHeHUs IapaMeTPoB «, (3

®yukuus ¢(x, u) 3aBUCUT OT IIAPAMETPA (v, OIIPEIEJISTIONIEr0 HACKOIBKO MaJIbl-
MU SIBJISTIOTCSL BKJIOUEHUsI, U lapaMerpa [, XapaKTepU3yIero HHTEHCHBHOCTh
MOTJIONIEHUsT Ha UX MoBepxHOCTH. O0IAaCThI0 U3MEHEHUST TAPAMETPOB (v, [3 sIBJIsI-
ercst obmacte A = {1l < a < 3,2a+ 0 > 3}U{a > 3, —c0 < f < oo}. U3
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dbopmya (7)), u yciosust 1) Teopemst [1] cnexyer, uro dynkuus c(z, u) = 0, upu
(a, B) € A\{¢1UlUNp} u oTitana OT HyJIst 1 KOHeYHa Ha JIoMaHHOi {1 U2 U Ao,
e/ ={l<a<3,=3-2a},l={a=3,8<-—a}, Ao =(3,-3).

Bamevanue. B mameit ciemytomeii pabore OygeT MoKa3aHO, YTO IIPU CJIyUaii-
HOM PAaCIIpe/IeJIeHIN [IEHTPOB IIapOB U UX PaIycoB ycjoBust di, de u yciosue 1)
reopeMst [I] BBIIOJIHSIIOTCS ¢ BEPOSITHOCTBIO cTpeMsimeiics K 1 mpu € — 0.

2. JToka3aTejabCTBO T€OPEMbI

Chavasia HAaMETHM CXeMy JI0Ka3aTeabeTBa. ONnpeesmyM BapualuoHHbIe OCTa-
HOBKHU HAYAJBHON U yCPeJIHEHHON 3a/1a4.

Pemenne u®(z) sagaun (1)-(3) muanvusupyor Gynkumona

O[uf] = /|Vw€|2dx /fsw d:r—l—s’BZ/ o wf)dl (13)

Qs =lore

B kiacce gynkumit wé(z) € H'(QF, 0Q)={w(z) € H'(Q°) : w(x)|,chq =0}
Bnech g(z',w") onpemensercs paBeHCTBOM @D U B CHJIy CBOMCTB (pyHKIUU
o(x,u): g(z*, w) > 0.

Breném dyukinonas ycpeauéHHON 3amadu -:

- \Vw|2da:—2 fwdx+2 [ e(z,w)dz, (14)
[tz famicie]

rie dynxiust ¢z, w) onpesenena s ycaosun 1) Teopembi[l] Pemenue yepeanénnoit
sagaun u(z) MuEEMEBHpYeT 9ToT BYHKIMOHAI B Kiacce dynkiuit w(z) € H(1).

B pasgene 2.1 mMbl nokasbisaeM, uro peutenns u(z) sagaqu (I)-(3) moxuo
IPOJIOJIZKATH HA MHOXKeCTBO F° Tak, 4TO Ipojo/KeHHbIe perenus U°(x) OymayT
PABHOMEPHO OIPAHUMEHBI 110 € B IPOCTpaHcTBe H Y(Q) u, cremoparennno, u3 mo-
caenosarenbuoctn {G° ()} MOKHO BBLIEANTS C1a60 cxomsmyocs B H(Q) mox-
[OCJIEJIOBATENILHOCTL {€ = £, k = 1,..,00}, KOTOpasi B CHJIy TEOPEM BJIOXKEHUSI
exomurest cubno B LP () (p < 6) k Hexoropoit dynkmm u(z) € H(1).

B pasjenax 2.2 — 2.4 Mbl HOKa3biBaeM, 9T0 GYHKIWUs u(x) SBIISIETCS MAHUMME-
sanroM dyukiuonana (14)) u, snaunt, perennem yepeauénnoit sagaun (L1)-(12)).
910 Jenaercs ciaeaytomuM obpasoMm. B paszene 2.2 MBI BBOJMM CIIEIUAJIBHBIE Te-
croBble QyHKIMN we(x), ANIPOKCUMUpPYOe MEHUMI3AHT (yHKimonama ((13)).
Onu crposttes 110 npoussosibHoil dynkmuun w(z) € CZ(£) u yuoBIeTBEOPAIOT Clle-
ayromum cpoiictam: we(x) € H(QF,09), B Masbix okpecTHOCTSIX mapos FF onn
YJIOBJIETBODSIIOT ypaBHeHuto Jlariaca, Ha TIOBEPXHOCTH IIAPOB KPACBOMY YCJIOBHIO
U JIOCTATOYHO Jajeko or mapoB we(z) = w(z). Takue dysxipm Mbr Oymgem
HA3BIBATH «KBA3UPENICHUSIME».

Tax kak pemenue u(z) sanaun (I)-(3) mMunnvmusupyor gynkumonan B
H(QF,09), To cripaBe/IMBO HEPABEHCTBO

O°[uf] < O°[wf). (15)
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B paznese 2.3 Mbl OKa3bIBaeM, UTO IPU BBIIOJHEHUHU YCJIOBUN TEOPEMBI

lim ®°[w®] = & 16
tim @ [u?] = ®ful, (16)
rie ®[w] — dbynxnmonas, onpenenéunstii 5 (14). Us (15), B CHUIy IUIOTHOCTH
C3(Q) B mpocrpanctee H'(Q) cieyer nepaseHcTBo
lim °[uf] < ®[w], Vw € H'(). (17)
e—0
B pasgene 2.4 Mbl mOKasbBaeM, 4o ecau uf(z) cxomures cnabo B HY(Q) x
dbyuximn u(z) no noxnocieoBaTesbHOCTH € = € — 0, TO ClIpaBeJJINBO Hepa-

BEHCTBO
lim  ®°[u’] > Pful. (18)

e=er—0

Uz , ciejlyetr, 4To npejiesbHas byHKIms u(x) yI0BIeTBOPsieT Hepa-

o

senctBy ®[u] < ®[w] nma npoussombroit bynkm w(z) € HY(Q). Cnemoparens-
HO, u(x) MurnMusupyer dbyuknuonas ®lw| B Kiacce H YQ) u, snaunt, apasgercs
pemennem ycpeanénnoit sagaun (11)-(12).

B pasmene 2.5 MBI mOKa3bIBaeM, UTO YCpPEIHEHHAsT 337244 — uMeeT
€JIMHCTBEHHOE PEIICHIe, 3HAYHUT, BCsI IIOCJIE/OBATEIBHOCTD [IPOJIOJIXKEHHBIX Pellie-
uuit {°(x)} cxomures cubho B LP(Q) Kk dyHKImn u(x), u, cjie/loBaTesIbHO, HOCIe-
JoBaTesbHOCTD pernennit {u®(z)} nauanbnoit sagaun (1)-(3) cxomures B LP(QF, Q)
K pemenno u(z) yepeanénnoit sanaun (11))-(12).

I[Ipe/iBapUTEIIBHO JIOKAZKEM JIEMMY.

Jlemma 1 [Tyemov evmoareno ycaosue 1 meopemui[l), mozda das ao6ot dynryuu
w(x) € CYH(Q) cnpasedauso paserncmeo

N(e)

lim cf(w(mis)):/c(x,w(x))dx. (19)

e—0 4
=1 Q

Hoxazamenvcmso. Iycrs K C K5 C K§ — koHIeHTpHYIeCKHE KyOBI CO CTOPOHAMMI
§ < § < ¢ coorsercrsenno. Paccmorpum dyukuuu gy (x), psr(z) € CFR(Q),
yrosiersopstomue ycaosusM 0 < g (x) < 1 u gy (z) = 1 mpn x € K, pg(x) =0
npu x ¢ Ks5, 0 < @sr(z) <1 upsn(z) =1upu z € Ky, gsr(x) =0 upu z ¢ K.

U3 oupenenennst 0606menuoi dyHkmn c(x, u) @ 7 TIOJIOXKUATEIHHOCTHI
dbyuxnuit ¢ (u) (8) cupaBemsyuBLI HepaBeHCTBa

(& (@), pp(2) < Y ) < Y c(u) < (@ u), o (@)
ze €Ky ziecKg

[Tepeitném B Hux K npeneny mnpu € — 0. Torma, yaursiBast ycioBue 1 TeopeMbl
IOJIy9aeM

Qs < li £(uw) < lim £(u) < < osn .
/ el u) -y () do < lim 37 cfw) < T D ¢f(u) < / c(a,u) - gy (x) da
Q €K zeeKs Q
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Teneps nepeiiném K npegeny npu & — 6, 6" — §. YuuTbiBas cBoiicTBa dyHKIMI
s (), s (x), 3aKITIOTAEM TTO

1 £ — i E =
;1_r>r(1) | c; (u) —il_r)l’(l) . 5 (u) /c(:t,u) dx. (20)
z*eKs riecKg K;s

Pazpexxem obmacts ) Ha He mepecekarommecs: KyObl Kg CcO CcTOpoHaMH 0, Tak

arobsl supp w(z) € Y Kg, TOT/1A
J

=

(3) !/ .
Glw@e) =3 > cw(®), (21)

1 J rie EK?;

i

/ : 7
371€Ch » | O3HAYAET, YTO 'S MPUHAJJIEIKUT TOJBKO ofHOMY 5.

O6oznaunm W; — cpefnee 3HadeHne GyHKIuH w(x) B Kybe Ff;7 TOrZa TaK Kak
w(z) € C3(Q)

[w; —w(zx)| < C -6, npux € ff; (22)
VaursiBas , 3aINIIeM
N(E) . / . /
Yo GwE€) =" > (GwE®) =) +> Y @), (23)
=1 I giceK} I ziceR)}

Onenum nepsoe ciaaraemoe. 13 onpenenenns ¢ (u) (8) u nepasencrsa (22)), cie-
JLyer

S Y G — @) <Y Y e w@) - &) <

I giceK) I giceK)
/ N(e)

<C6Y D =08 b
i giecK) i=1

[Ipumensist HepaBeHCTBO 1 €sibaepa JJisd 3HAUEHUS o U3 YCJAOBUS dg W IMOJIb3YSIChH
9TUM YCJIOBUEM, UMeeM

N(e) N(e) (b7 ) = /NG w2 1
i< | X ey | (X @] <ol e
i=1 i=1 70 i=1

Torga st mepBoro ciaraemoro B (23)) crpaBe yimBa OneHKa

S Y () - )| < O, (25)

J i€ EF%
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e KoHcTanTa C He 3aBUCHT OT €, 0.
Ornennym Bropoe ciaraemoe B (23). U3 ¢ yuérom Toro, uto w(x) € CF()
c(z,u) € C(Q,CH(RY)), cnemyer

;1_{%2 Z 5 (w;) Z / c(z,w;) dx —/ c(z,w(x))dr 4+ O(5)  (26)

J xﬁEEKJ Q

"z , , oIy daeM
N(e)

lim S ¢ (w () = / o, w(x)) dz + O(),

e—0 4
=1 Q

u mepexojis K npegeny npu 6 — 0, mosygaeMm tpebyemoe paserctso ((19)).
2.1. KoMnakTHOCTh MUHUMHU3aHTOB dyHKImoHasa (|13)
Tak kak ®°[uf] < ®°[0] = 0, o npu (o, ) € A crpaBeIMBO HEPABEHCTBO

/|vu€|2dx+eﬁz / 2/f€u€dx.

=1 oFs Q=

Orcrona ¢ momonpio HepaBeHcTBa Kolmi-ByHSAKOBCKOTO M HEOTPUIATETLHOCTH
dbyurimn g(z, u®), noayanm

IV 7200y < 2155 2o 10l L2 e (27)

N3 yeaoeust dy caemyer, aro obsactu §2° yIOBJIETBOPSIIOT YCJIOBUIO CHJIBHOIM
ceasnocr ([18]), T.e. bynkmmm uf () € H'(QF) momyckaror mpojomxenne i (z) €
H1(Q) na Bcro 0bnacTs §) ¢ BLITIOIHEHTEM HEPABEHCTBA

IV 20y < C1 IV 2 (28)

rje koncranra C He 3aBUCAT OT €.
3 u u nepasencrsa Ppuapuxca [|U°]| 2y < C2 || VU || 12(q) momy-
quM
18 1y < Cs 1N g

OTKyJa, yauThIBag cxomumocthb [ K f B L?(Q), nmeem
||ﬂ€||1311(9) <C,

e xoucrantol Co, Cs, C He 3aucsar or €. TakuM o6pasoM dyHKIHH 4 (z) pas-
HOMEPHO OIpaHUYEHbI 110 € B H L(Q). Orcroma ceyer, uTo moce0BATETHLHOCTE
dbynxumit {@€(z)} cnabo kommaxrua B H (), 1, 3HAMUT, U3 Hed MOXKHO BHLICIATE
II0/III0CIIeI0BATENBHOCTE {£ = €k, k = 1,...,00}, cabo CXOJsILyocs B H HQ) u
B city KomuakTHOCTH Biaoxenns H(Q) € LP(Q) (p < 6) cuibio cxomsmLyiocs
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B LP(Q) x nekoropoit dynkmun u(z) € H (). Takum 06pasoM, IOAIOCIC 0B
TembrocTh {uft(z) )52, cxomures B LP(QF, Q) k dynkmm u(z) € H'(Q).
Jasee, Mbl nokazkeM, 4To dynknus u(z) Munumusupyer dyukuuonan (14)).
2.2. ITocTpoenune KBasupenieHui
Io npomssosbHoit dbyrkIE w € C3(Q) mocTponm cireyiomue byHKIHH:

w®(x) = wi(x) —wi(x), z € Q°, (29)
) | .
i) = (o) - 3 (o) - wa) o (1 ) (30)

ui) = > 5o (%) 1)

re r = |z —2%|, o(t) — aBaxk B HempepbIBHO-IudbdOepeHIIpyeMast i MOHOTOHHAS
Ha [0,00) dyuknus, rakas aro ¢(t) = 1 gt < 1/2m o(t) =0 s t > 1 u
unciaa AS SBIISIOTCS PelleHneM ypaBHEHMUs

. . A€
A7 = (P (e~ 21). (32)
ase
U3 croiicts dyHKImn o(x,u) ciemyer, 9To 9T0 ypaBHEHHE UMEET €[MHCTBEHHOE
pelleHe.
Ucnonbays ceoiicra dbyukiumit w(z), ¢(t) HerpyaHo ybenaurhbes, aro w(x) €
N(e) , N(e) ,
HY(Q5,00); upun x ¢ |J B(2%,d5/2) : w'(z) = w(x); npu z € |J B(x%,2r5) :
i=1 i=1
Aw®(x) = 0; upu & € OFF dynxrms we(z) yI0BI€TBOPSIET KPACBOMY YCIOBUIO .
Takum obpaszom, dyrkust we(x) obiagaeT BceMu CBOCTBAMU KBAa3UPEIIEHNUI.
Ksazuperennst MoryT OBITH €CTECTBEHHBIM 00Pa30M IIPOIOJIKEHBI Ha, MHOMKE-
cTBO F¢:
w®(z), v € QF

e = ) A€ 33
G A Zipe R i=1,.,N(), (33)
T

i
3/1eCh 3HAYEHHE IPOJIOJIKEHHOro KBasupemlenust W°(x) BHyTpu mapa F (i =
1, ..., N(€)) mOCTOSIHHO U paBHO 3HAYEHUIO HA €ro nosepxuoctu OFF, KoTopoe 060-
3HATUM

G
w; = w(z") — —. (34)
T
13 HETPY/IHO BUJIETD, UTO WS SABJISETCS PELICHIEM ypPaBHEHHST
w§ = w(z®) — e Paso (%, ws) . (35)

ITomryanm meobxomuMBble B labHedinem oneHkn A5 mw ws. B cuiry coiicTs a1, az
dyukuun o(z, u) ypasaenue ([35)) nmeem equHCTBEHHOE pellieHne, KOTOPOE YI0BJIE-
TBOpsIET OIEHKe

[wf] < Jw(a"))| (36)
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u MoxeT ObITh pu (o, §) € A npeCcTaBIeHO PaBEHCTBAME

w(z®) + 0P upn a + B > 0;
| Vi) mn a5 =0
(xw)g
a; - ou(x i’o)

(37)
—1— O(e724728) ipu o + 8 < 0,

e VE(w(2)) — pemenne ypasnenus (10) mpu u = w(z).
it @, ©. €. 6 n @D meen

 w(x®)) - b + 032 pu a 4 5 > 0;

A7 = ¢ 0@, Vi (w(2™))) - 0f mpu o+ 5 = 0; (38)

w(z®) - b + O(e™P) mpu a + B < 0.

Kpome Toro, ns

o(x

AS = ase®(w(z") — wf). (39)

)

s , , B cuity cBoiicrB dyukiuu o(x,u) npu Beex (o, ) € A cupa-

BeJIJINBLI OIICHKN

Aj = 0(e%),
4 .- (40)
A7 < C (lw(@)] + [w(@)[T) - b;.
Hasee, nonoxus Clyy = 1<rria]t\>[(( )C (Jw(2®)| + [w(@)|*+) u ucnomssys onenky
([24), nomyuaem
N(e) N(e)
DA < Crw Y b < Cou, (41)
i=1 i=1

KOHCTAHTBI Clqy, Cqyy HE 3ABUCST OT €, HO 3aBUCAT OT BbIGOpa dyHKIMHU w(x).
st KBasupeIennii ClpaBeIjInBa Caeayolasl JIeMMa.

Jlemma 2 Ilocaedosamenvrocms npodoasicennur keazupewenuts {we(x)} npu
e — 0 cvodumesa caabo 6 H' () x dynxyuu w(x), npu smom dynxyuu 05 (x)
cxodamea cuavhno K dynryuu w(x) u ynkyuu w5(x) crodames caabo « 0.

2
dx

B cuny , 7 OIIEHOK , (41)), nmeem
r
Vo | —
. v <4rf>
Bl B}

Jokasamenvemeo. Oboznatum B} = B(z,4rf) \ B(x%,2rf), le — B(a, 41%).
N(e) ‘ |
oty 2| [ ) -w)? e fiwte) -ur?
+ / <2|w(:c) — w(xi5)| (V’w( ) Vi <477:f>> + |vw($)|2> dr| = 0(63(01—1))7

2
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Ilepeitném k npeneny npu € — 0

lim || @] — =
lim [|0] — w[ g1 @) =0,
Takum 06pazoM, bynkmun W5 (z) cxonares cuibho K dynxmun w(z) B HL(Q).

OGosmaunm B? = B(z',dS/2) \ B(x',d5 /4), B? = B(z'*,d5/2) \ Ff. B cuny

, , ycaoBust di U OIEHOK , , nMeeM

N(e)

(A5)2 Ag)? 1) 2r\ |2
51 - | [ e [ A / ve (%)) as
i=1 e Z Bf B ¢
N(e) N(e)
2(A%)? 1 2
+ Z/ (v,w <d:>) 2#2 (A5)%d5 + — Z(Af)%«f

=1

( 8)2 ie a(l—s) A
<
+C E d‘f < 8104y 1<I7281J\7X(a)w($ )+ O (5 ) <O,

rie C' He 3aBHCHT OT &, ¥, 3HAYUT, YHKIHH 15(2) PABHOMEPHO OIPAHUYEHBI IO
e B H'(Q). Kpome Toro, aisa moboit dyukum ¢(x) € C?(£), umeem

| (905, %) i1 (0 Z\AE /W d +/ ’(V <d€) V¢>'dm+

l

(@) (2 2r 3(a=1)
+/<T.<p & + & V Vo || | de| < Cie +Cgl<rzri3]u\>[<(§i

B
riae koHctauTel C, Cy He 3aBucar ot €. [lepeitném k npegeny upu € — 0. B cuy
yCJI0BHUS di, TIOTyYIaeM

2
lim (05, ) 1) = 0, Vib(z) € C%(Q).
e—0
Taxmm o6pazom, GyHKIHH W5 (2) PABHOMEPHO OTPAHUIEHBI 10 € U CJ1a00 CXOIATCS
k 0 ma Beroay miotHoM B H1(Q) mMuoxkectse C2(Q), u, snauut, dbynkimn w5(x)
cnabo cxomaTest K 0 B poctpanctee H ().
Crenosarensno, Gynkimn ¢ (z) = w05 (z) +w5(z) cinabo cxoparcs K dyHKIuI
w(z) B nmpocrpancree H(Q).
2.3. TokazaresnbcTBO HepaBeHcTBa (|17))
[Moxcrasum kBazupemenne w®(x) (29) B dynknmonan (13) u 3anumem ero B
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CJIETYIOIIEM BUJIE

/|Vw1|2d:n— /(le,ng dw—l—/|Vw2|2d:U—

N(e) (42)

—2/f8wfd:c+gﬁz /

=loFe

Ouennym tperse caaraemoe B ([(2)). O6osnatnm B; = B(x%,d5/2)\B(z%, d5 /4).
Ucnons3yst oupenenenne Gynknuii ws(z) , OITEHKU , , ycaoBue dy Jist
obsacreii (0° U IpHMeHsIst THTETPUPOBAHEE 110 9acTsIM 110 obsacTam B(x'e, d5 /4)\
B(z%,2r) (i = 1,...,N(¢)) ¢ yuérom pasercrsa Awy = 0 B 3THX 06JACTSX, TO-
JIydaeM

N(e) N(e) e
/\Vw§|2dx: > / Vws|?do = / 872.wgdr+
e =1 p(gic,de /2)\ Ff =1 |oB(wic,ds /1)

N(e) 2 N(e) 2
A7) (47)
2 < ( 7 4 7
/\sz\ dx—i—/ \012 P 72 -
OFf = =

(A7) ) e
<47T;T§+O((l 1) )_47'(20,8 —w)2+0(5(1 1)).
B cuny npu € — 0 u (o, B) € A, umeem

(1) npna+5>0;

47TZ — VE(w()))? e + o(1)

/]ng\de = (43)
J HpI/I a+ 3 =0;

4772 ng 50‘—1—0(1) mpu o + 5 < 0,

sech Vi (w(2)) — permenne ypasnenus (10) mpu u = w(z).
Onennm nocitennee ciaraemoe B (42)). Tak xak nupu x € OF; 3HaueHne KBa3u-
pemmenus w®(x) = w, uMeeMm

’BZ/ 2", w* (x)) dl= sﬁz/ 2 ws) dl= 4”2 ws)e2ath.

=lope =lope
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Ucnonbsys onpenenenue dyuxnun g(z, u) (9) u ceoitcrsa a1, az dynkuuu o(z, s),
onennm ¢(z'¢,ws) npu o + B # 0. B cuy npu o + f < 0 sHaveHusT w; =

7
O(e=*#) maisl, Torma

gz w)=2 [ o =2 o(2'%,0) + ol (2%,0)s + O(s%)) ds =
[
= 0(2"%,0) - (wf)? + O((wf)*) = O™,

npu o + 3 > 0 snavenus wi = w(r) + O(e*+F), Torna

w($ie)+0(5a+5)
oo wf)=g (™, w(z*))+2 / o(a”, ) ds=g(a'®, w(x")) + O(**7),
,w(xie)

Taxkum obpazom npu € — 0 u («, 5) € A, umeem

N(e)
4 Z (a5)?g (2", w(2")) 28 1 o(1)
i=1

N(e) npu « + 5 > 0;
8 ic _
€ g(z', w)dl' = N(e) (44)
; A Y " (af)?g (2, Vi (w(2™))) e
OF; 2 s Vg
i=1
npu o+ 5 = 0;

o(1) mpu o+ B < 0.

B cuny dhopmyn , U TIOJIyYEHHBIX OIEHOK , (44) tpu manbx €,
nMeeM

N(e)
ol /|Vw1]2d:c 2/(Vw1,Vw2)d:17 2/f6w6da:+22 (z%))+o(1).

Qe Qe

epeiiném k npegery upu € — 0. Tax kak w(z) € CZ(Q), B cuny (7)), yenosuit
teopeMsl [T, temm 1, 2, mosrygaem

e—0

lim ®°[w*] /\Vw[Zd:L‘—2/fwd:I:+2/ (x,w)dx.
Q

Taxum o6pazoM, juist J060it dyHKIMN w(x) € Co (Q) cupaBeIMBO paBEHCTBO
(16), rie ®[w] — pynxumona, onpenenéuupri B . Y4uThIBas UTO IPOCTPAH-
crBo C2(Q) morso B npocrpancrse H(Q) u u (x) — MHHIMH3AHT QYHKIHOHAJIA
&%) MBI yOexK1aeMcsl B CIIPABEJJIMBOCT HEPABEHCTBA s Vw(z) € H L(Q).
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2.4. Jloka3aTeJIbCTBO HEPABEHCTBA
PaccvoTpuy Teniepns dymKImoO u(x) — caabbiii mpegen B H1 () mpomomKenHbx
pemenuii @°(z) sagaun (1)-(3) mo nommocnemosaresbrocrn & = g, — 0. Kax
ciejlyeT u3 TeopeM BioxkeHusi cieibl U (x) u u(x) Ha O COXPAHSIOTCS M PABHBI
0. Takum obpasom, dbynkuus u(z) € H ().

Mer He MoxeM yTBepzxaaTh, aro dbynkius u(z) € C3(Q), u crenosaresn-
HO, He MOYKEM IOCTPOMTH KBa3UpEIleHHe, UCHOJIb3ys (DYHKIMO u(X), M03TOMY,
UCITOJIb3Y ST —, BHAYAJIE MBI IIOCTPOMM KBa3upentenne us(x) iist GbyHKIum
us(z) € C3(£2), Taxoit uro

lu = usllgo) <90 (45)
TSl TPOU3BOJILHOTO MaJIoro d > 0.
Ipencrasum pemtenue sanaan (1)-(3) & dopme

u(z) = us(@) + G5 (2), (46)
tax Kak dynkiun uf(z), u§(z) € HY(Q,09Q), Torna (S(z) € HY(QF,09). Ipo-

£ 15
JIOJIKUM KBa3upelnenne us(x) B mapbl F; omucanubpiM panee crocoboM ([33). ITpo-
JosKenne QyHKITNN Cg(a:) OIIpEIeINM COOTBETCTBEHHO

G (2) = @ (2) — (). (47)

Tak Kak 110CJIe/0BATeIbHOCTD IIPOJIOJIZKEHHBIX pelenuii 4° () cxoaurest caabo
B H(Q) x dynxmun u(x) mo noamocenosarensioct € = ¢, — 0(k =1,...,00) n
nociegoBarebHoCTh dysKiuii @5(x) B cnity semmbl (2] exopurest cnabo B H' () k
bynxnmn us(x) npu € — 0, TOrga MOC/IEI0BATEIBHOCTD QyHKIWMIT (5 () cxomuTcs
cnabo B HY(Q) x dbynxmum u(x) — us(z) MO MOANOCIEI0BATEIBHOCTH € = £f —
0(k=1,..,00).

[Moncrasnss dbyuknuo us(z) B (DYHKIMOHA U TI0JIb3Y$ICh TEOPEMOii
o cpeaueM st dbynknun g(x,u) Ha uaTepBate (u§, uf + (), 3anumem

¥ (o] = 8°[ui] + [ VG de+2 [(V05,VG) do 2 / 1565 durt

O Qs
+ 268 Z o (2%, u§ + ()¢5 dr,
=1ope

rae 0 < ég < ¢ upu (5 > 0m (5 < ég < 0 mpu ¢§ < 0. Hanee, yaurnisas
npezcrasienne (29)-(31) us(x) = uj, (x) + u5,(z), ¢ MOMOIIBIO HHTErPUPOBAHMST
10 9acTsIM ¢ YIETOM KPaeBOro yCJIOBHUs, MOJIydaeM

& [u) = 0 [u / VG do+2 [ (V50,96 do — 2 / AuiiyG di—

Qe

_2/f€§5dac+25ﬁz /( 05+ G) — oo, 05)) G T

=loFpe
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Orcroza, B cuity MOHOTOHHOCTU (DyHKIMU 0 (T, 1), CIeIyer

O°[uf] > P [us| — 2 /(Vu%l,VCg)d:c -2 /Au§2§§ dr| —2 /fECE dx|. (48)

£

OL[eHI/IM cJjiaraeMhblie B HpaBOﬁ YJaCTU 3TOro HepaBEHCTBA.

[Tonmb3ysick HepaBencTBamu Komu-bByHsKOBCKoro n W YyYUTBIBasg, 4TO
bynxmun @5, (r) cxomarea cuibHo B H YQ) x dymkmun us(xr) mpm & — 0,
(5(x) cxomsarest ciabo B HY(), u B cuty xommakTHocTn Biioxenns H'(Q) C
LP(Q) (p < 6) cubHo B LP(Q)), Kk dyukmun u(x) — us(r) 10 moanocieoBaTe b
HocTn € = € — 0 m f°(x), npojo/KeHHbIe HYJIEM Ha MHOXKecTBO F'€) cxomurces
cmabo B L?(Q) x dbynxuun f(x), momyuaem

lim / (Vugy, VE) dx| < Tim / (Vi§,, VE) dx| =

e=¢e—0 e=er—0
6 ? (49)

- / (Vuis, Vot — 1g)) dee| < sl - o — wsll gy < sl -
9]

im /ffcgdx = Jim /feégdx N /f(u_u‘S)dQE S (50)
€ Q Q
<Ifllzze) - v = usllpz) < [1fllz2@) - lv — usll @) < [1fllr2o)

O6oznaunm B; = B(z%, d5/2) \ B(z",d: /4), B; = B(a', d5 /2). Ucnonb3yst cBOM-
crBa dyukuuit o(t), us(z), ycnosue do st obaacreit 2° u Hepasencrsa Kormmu-

/

Bynsakosckoro u I'énbiepa npu 3Havenun o u3 ycjaoBus dz, & TaKKe 3HAYCHUE
obbéma mapa |B;| = Z(d5)?, nomywaem

N(e)

/Auza G dx Z/\AU% Gl dr < Z U6|/|C5\d
=1

le

i€ |1+1/b
B PGl o ) <

za 14+vye
<C Z |’LL§ | b /|C§|d <C2Z |U5

VO ey %2 N) 1/p2
< C3 Z Ma);(T*U Z |u6(£zs)|(1+v)P2‘Bi| HCEHLPl(Q) <
=1 " i=1

< C4Hu5| E—z_ll;u)pg(ﬂ) Hgg”Lpl ()

U, 3HAYUT,
. Ucnosbayst

Sl

re pil + p% + = 1. B cuny ycioBuit as, do umeem 2+” < i +

o <
MBI MOKEM BI>I6paTb Takue pi, pg, 9T00bI p; < 6 u ( + )PQ <6
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nanee ToT GaxT, uTo mpocTpancTo H () KOMIAKTHO BIOYKEHO B IIPOCTPAHCTBO
LP(Q) mpu p < 6, moJIy9IaeM COpaBe/[JIMBOCTD CJIC/IYTOMIE OIEeHKH

e=er—0

lim /Auéa-Cde < Clluslliay - Jim 15 llze @) = Cllus 7y

Nlu = usl e o) < C||U6||1+V NJu = us|| 1) CH“&H}ﬁ(’Q

[Tepeiiném B Hepasenctse (48) Kk upeseny npu € = g — 0. Vcnosbsyst oneHkn

7 7 7 I10JIyYaeM

im0 > tim @ [ug] = 2 ((Cllusls oy + 1) - sl o) + 111220y ) -6

e=e—0 e=e—0

[Tepeitném B 3TOM HepaBeHCTBe K npejeny npu § — 0. YIuTbiBast HEIPEPHIBHOCTh
bynxmponana ® 8 H'(Q) u pasencrso (16) upn w® = u§, w = ug, noyvaem

lim ®°[uf] > lim ®lus] = P[ul.

e=e,—0 0—0

Takum 06pa3oM, HEPABEHCTBO JIOKA3aHO.

2.5. EAuHCTBEHHOCTH pelleHrsl YCPeAHEHHOW 3aaavn -

Paccmorpenust TpebyIoT Jinib cIydan, Korja napamerpsl («, ) npuHaexkar
aoManHoi 1 U Ao U l2. ITockombky mpu (o, 8) € A\ {{1 U o Ula} c(x,u) =0 (re.
cu(z,u) = 0) u 3ama9a — cTaHoBUTCs 3amadeil Jupuxie st ypaBHEHUST
ITyaccona.

Byzem paccmarpusarbs dynkuuo ¢ (z,u), sagannyo dopmynoit (7), kax
obobmEHayT0 BYHKIMIO MepeMenHbX z, u u3 D'( x R!), saBucamyio or ma-
pamerpa ¢ ([19]). Paccmorpum o606ménnyio dynkmuio & (z,u) € D'(Q x RY) :

52 N(e)

&(r,u) = 53¢ (, u) = Z & (u) - o(z — 2%). B cumy dopmy , @D, upu

(a, B) € €1 U \g U £o umeem
4 (a$) oy (2, u)ed, mpu (o, B) € fy;
47(as)? 0, (x% Va)

Z ) 52
1 —}-aiau(ﬂf,vf) » mpn (a, B) € Ao (52)
3’ pu (aaﬁ) € ‘62-

G (u) =

Amage

U3 ycaosust 1 teopemsi (1| caenyer, uro dyuknum ¢ (x,u) cxousres B caaboii To-
nosioruun D' (€2) K BTOpOil IPOU3BOIHOM %c(w,u). B cuny cpoiictBa dynkimn
woraocTu norsionienus o(x, u) (oy(z,u) = 0) u dopmy umeeM ¢ (u) = 0.
OTcroma 3akI09aeM, 9TO BTOpasi IPOU3BO/HAS %c(m,u) > 0 u cireoBaTEILHO
CIIpaBe/JINBO HEPABEHCTBO

(cu(zyur) — ey, u2))(ug —ug) = 0Vuy, ug € R'. (53)
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[TpeamosioKuM, 9To CYINEeCTBYET JIBa Pa3JINIHbIX perterust uq(x) u uz(x) 3a-
naun ([11)-(12). Torma nx pasuocts ui(z) — uz(x) GyIeT yIOBIETBOPSITH COOTHO-
IIIEHUSIM

—A(u; —ug) + (cu(z,u1) — cu(z,u2)) =0 B Q, (54)

up —ug = 0 ma 08, (55)

Yuuoxkum (54) wa ui(x) — ug(x) u upounrerpupyem 1o obiacru 2. Ipumensis
uHTErpupoBanue 1o dactsm u ((55)), mosyaaem

/ |V (u1 — ug)|? dz + / (cu(z,u1) — ey, u2))(ur — uz) dz = 0.
Q

Q

B cuny (b3) u3 sroro pasencrsa ciemyer, 9To ui(x) = ug(z) UpU MOUTH BCEX
x € Q u eIMHCTBEHHOCTH penteHust u(x) yepenuénuoit 3amaan (11))-(12) nokazana.
Teopema moxazana.

JIureparypa

1. Bepnsgun JI.B., l'onuaperko M.B. Ocpenenne ypasuenus jquddy3un B Hopu-
croii cpejie co caabbim norsomenuem // Teopust dbyHkmit, GyHKIMOHATLHBII
aHaju3 u ux npuwioxkenus, 1989. — Ne 52. — C. 113 — 122.

2. Cabarrubias B., Donato P. Homogenization of a quasilinear elliptic problem
with nonlinear Robin boundary condition // Applicable Analysis: An
International Journal, 2012. — Vol.91, Ne6. — P. 1111 — 1127.

3. Chourabi I., Donato P. Homogenization and correctors of a class of elliptic
problems in perforated domains // Asymptotic Analysis, 2015. — Ne 92, P.
1 —43.

4. Chourabi I., Donato P. Homogenization of elliptic problems with quadratic
growth and nonhomogenous Robin conditions in perforated domains //
Chinese Annals of Mathematics, 2016. — Vol. 37B, Ne6. — P. 833 — 852.

5. Cioranescu D., Donato P. On Robin problems in perforated domains
//Mathematical sciences and applications, 1997. — Ne 9. — P. 123 — 135.

6. Cioranescu D., Donato P., Zaki R. Asymptotic behaviour of elliptic problems
in perforated domains with nonlinear boundary conditions // Asymptotic
Analysis, 2007. — Ne 53. — P. 209 — 235.

7. Conca C., Diaz J., Linan A., Timofte C. Homogenization in chemical reactive
floes // Electronic Journal of Differential Equations, 2004. — Ne 40. — P. 1 — 22.

8. Conca C., Diaz J., Linan A., Timofte C. Homogenization results for chemical
reactive flows through porous media // New Trends in Continuum Mechanics,
2005. — Ne 6. — P. 99 — 107.



Bicuuk XHY, Cep. «Maremaruka, IpukjiaiHa MaTeMaTrka 1 Mexankay, Tom 84 (2016) 111

9. Conca C., Diaz J., Timofte C. On the homogenization of a transmission
problem arising in chemistry // Romanian Reports in Physics, 2004. — Vol.
56, N4. — P. 613 — 622.

10. Goncharenko M. The asymptotic behaviour of the third boundary-value
problem solutions in domains with fine-grained boundaries // Mathematical
sciences and applications, 1997. — Ne 9. — P. 203 — 213.

11. Mel’'nyk T.A., Sivak O.A. Asymptotic analysis of a boundary-value problem
with the nonlinean multiphase interactions in a perforated domain //
Ukrainian Mathematical Journal, 2009. — Vol.61, Ne 4. — P. 494 — 512.

12. Mel'nyk T.A., Sivak O.A. Asymptotic approximations for solutions to
quasilinear and linear elliptic problems with different perturbed boundary
conditions in perforated domains // Asymptotic Analysis, 2011. — Ne 5. — P.
79 — 92.

13. Timofte C. On the homogenization of a climatization problem // Studia
Universitatis «Babes-Bolyai», Mathematica, 2007. — Vol.LII, Ne 2. — P. 117 —
125.

14. Timofte C., Cotfas N., Pavel G. On the asymptotic behaviour of some elliptic
problems in perforated domains // Romanian Reports in Physics, 2012. —
Vol.64, Ne 1. — P. 5 — 14.

15. Berlyand L.V., Khruslov E.Ya. Competition between the surface and the
boundary layer energies in a Ginzburg-Landau model of a liquid crystal
composite // Asymptotic Analysis, 2002. — Ne 29. — P. 185 — 219.

16. Mapuenko B.A., Xpycnos E.f. Ycpenuéunnie Moaen MUKPOHEOTHOPOTHBIX
cpen. — K: Haykopa gymka, 2005. — 551 c.

17. Cabarrubias B., Donato P. Existence and Uniqueness for a Quasilinear
Elliptic Problem With Nonlinear Robin Condition // Carpathian Journal of
Mathematics, 2011. — Vol.27, Ne 2. — P. 173 — 184.

18. Xpycnos E.4. Acumnrormaeckoe moBeIeHNe penteHnit BTOPOit KpaeBoil 3a1a-
91 [IPU U3MeJIbUeHNH MPpaHulbl obiactu // Maremarndeckuii coopuuk, 1978. —

T.106(148), No 4(8). — C. 604 — 621.

19. Bnagumupos B.C. O606miénHbIe DYHKIINT B MaTeMaTHIecKoi ¢pusnke. — M.:
Hayxka, 1979. — 320 c.

Cratbst osryuena: 15.11.2016; oxonuaresbabiil Bapuant: 10.12.2016;
npungaTa: 15.12.2016.



Bicauk XapKiBCbKOr0 HAI[IOHAJIHLHOTO Visnyk of V.N.Karazin Kharkiv National University

yuiBepcurery imeni B.H. Kapazina Ser. “Mathematics, Applied Mathematics
Cepis "Maremarnka, IPUKIaIHA and Mechanics”
MATEMATHUKA 1 MexaHika' Vol. 84, 2016, p.
Tom 84, 2016, c[TT2HI22| DOLI: 10.26565/2221-5646-2016-84-08
VIK 533.72

Continual distribution with screw modes
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Explicit approximate solution of the Boltzmann equation for the hard-sphere
model are built. It has the kind of continual distribution in the case of local
Maxwellians of special form describing the screw-shaped stationary equilibrium
states of a gas. Some limited cases, in which this distribution minimized the
uniform-integral remainder between the sides of this equation are obtained.
Keywords: hard spheres, Boltzmann equation, Maxwellian, screws, uniform-
integral remainder, continual distribution.

Topnescokuit B. /1., Cazonosa O.C. KoHTunyanapHuUii po3mnoij 3 rBuH-
ToBUMHU MomaMu. [loOymoBaHo siBHMIT HAOJMKEHWI PO3B’A30K HETIHIHHOTO
piBHstHHS BosibIiMana J1j1st MoJ1es1i TBepanx KyJib. BiH Mae B KOHTUHYaJIbHOI'O
PO3MOJITY V BUNAJKY JOKAJbHUX MAKCBEJIAHIB, IO OMHUCYIOTH CTAIlOHAPHI
pPIBHOBaKHI CTaHU rasy, HOIOHI rBUHTAM. 37400yTO JesiKi TpAaHUYHI BUIIAIKH,
B SIKUX IIei PO3IOILN MiHIMI3ye PIBHOMIDHO-IHTErpaJbHAN BIIXMJI MiXK 9aCTH-
HAMU DIBHAHHS.

Kmovwosi caosa: TBepai Kymi, piBHsAHHA DBosbIiMaHa, MaKCBeJiaH, TBUHTH,
PiBHOMipHO-iHTErpaJbHUN BiIXW/I, KOHTHHYAJIbHUN PO3ITOIIJI.

Topnesckuii B. /1., Cazonosa E. C. KonTrHya/ibHOE pacnpe/iejieHue ¢ BUH-
TOBBIMU MogamMu. [locTpoeHo siBHOe MPHUOINKEHHOE peIeHne HeJTMHEHHOrO
ypaBueHusi bBosbrimana jist Mojiesn TBepabix cdep. OHO mMeeT BUJ KOHTH-
HyaJIbHOT'O PACIIPEIEJIEHUSI B CIydae JIOKAJIbHBIX MaKCBEJIHAHOB, OIHCHIBAIO-
[UX BUHTOOOPA3HbIE CTAIIMOHAPHBIE PABHOBECHBIE COCTOSTHUS rasa. [loydenbr
HEKOTOPBIE IIPEJIEJIbHBIE CJIyYUan, B KOTOPBIX 9TO PACIIPE/IEIEHNe MITHIMU3UPY-
€T PAaBHOMEDHO-UHTETPAJIBHYIO HEBSA3KY MEXKJIy YaCTsSIMU yPABHEHUS.
Kmoueswie carosa: TBepbie cdepbl, ypaBHeHne bosbiiMana, MaKCBeIINAH, BUH-
ThI, PABHOMEPHO-UHTErPaJIbHAsI HEBSI3Ka, KOHTHUHYAJbHOE pacipeie/ieHue.
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1. Introduction

The interaction between flows of a gas of hard spheres is described by the
kinetic integro-differential Boltzmann equation [1]-[3]:

D) = QU ), )
()= 4ol 2

d2
Q(f7 f) =5 dv dOé‘(U -V ,a)][f(t,v’,x)f(t, Ulax)_
QRZ 2/ 1 1 )

- f(t,vl,x)f(t,v,:v)],

where f(t,v,z) is the distribution to be found, that describes the number of
particles that in the moment of time t have velocity v and are in the point of
space x, Of /Ox is its spatial gradient, t € R! is the time, x = (2!,22 2%) € R?
and v = (v!,v%,v3) € R® are the molecule coordinate and the velocity, d > 0 is
its diameter, v and vy are the molecule velocities before the collision, o € 3, ¥
is the unit sphere in R3. The molecule velocities after the collision are defined by
the formulae

vVV=v—alv—-v,a), v]=v+alv-uv,aq), (4)

The well-known exact solutions of (1) — (4) are the global and local
Maxwellians [1]-[3]. Some other exact solutions were obtained only for the case of
Maxwellian molecules and for some of its generalizations [4]-[6].

That is why the question of the search of explicit approximate solutions of
this kinetic integro-differential equation and satisfying it with arbitrary accuracy
was occured.

Then bimodal distributions including both global and local Maxwellians of
different particular kinds describing screw-shaped [7], [8], tornado-like [9], [10]
and other equilibrium states of a gas were studied [11].

Then a new approach to the search for explicit approximate solutions of the
Boltzmann equation was proposed in the paper [12]|, namely the continual kind of
distribution function. It was supposed, that mass velocity of the global Maxwellian
does not take discrete values but becomes an arbitrary parameter taking any
values in R3.

Attempts to transfer the results of [12] and other works in the case of local
Maxwellians of the most general form have not been successful due to occur at
the same time significant difficulties.

The objective of this paper is to study the behavior of the continual
distribution involving local Maxwellians of a special form that describe the screw-
shaped stationary equilibrium states of a gas (in short-screws or spirals) |7, 8, 14].
Every Maxwellian of this type is defined by the formula

3
M(v,u,x) = poel’ ™ (B) * o Blo—u—fwxal)? (5)

™
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Physically, distribution (5) corresponds to the situation when the gas has an

inverse temperature 3 = 2T> where T' = 1 f (v —u)?fdv and rotates in whole as

a solid body with the angular velocity w € R3 around its axis on which the point
zo € R3 lies,
[w X u]

rog —

: (6)

The square of this distance from the axis of rotation is

w?

P = Slox (o - ao)) 7)

and the density of the gas has the form:
2.2
p=poe™ (8)

(po is the density of the axis, that is 7 = 0), u € R? is the arbitrary parameter
(linear mass velocity for z), for which z||lw, and u + [w x z] is the mass velocity
in the arbitrary point x. The distribution (5) gives not only a rotation, but also
a translational movement along the axis with the linear velocity

(W, u)

2 Y
w
Thus, it really describes a spiral movement of the gas in general, moreover, this
distribution is stationary (independent of ¢), but inhomogeneous.
We will consider the continual distribution [12] such form as:

f= /go(t,:c,u)M(v,u,x)du, 9)
R3

It is assumed, that the coefficient function ¢ (¢, z, u) is non-negative and belong
to C' (R7). It is required to find functions ¢(¢,z,u) and the behavior of all
parameters such that the uniform-integral remainder [13]

— sw / ID(f) - QUf. )ldv, (10)

(t,x €]R4

tends to zero.

In the section 2 asymptotical expressions for some upper estimations of
remainder Delta with 8 — 400 and other assumptions about the behavior of
the vector for angular velocity w.

2. Main results

Before formulating and proving the main results it is necessary to reconstruct
the right part (10). First we must to obtain and estimate the integral with variable
v, substituting distributions (5), (9) in (1)—(3) according to

D(M) = Q(M, M) = 0. (11)
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Thus,

/D Mdu—/D )P M du (12)

/dm/da\v—vl, )| x

x 2Bw?r? L/ dulap(t,x,ul)ﬁ(v’l,ul,x)/dqu(t,x,ug)M(v’,ug,x)—

3 R3

—/dulgo(t,a:,ul)j\\j(vl,ul,x)/duzw(t,x,ug)ﬁ(v,ug,m)l,

R3 R3
(13)
where the denotation
—~ 3 _
M =Mv,u,x)=p (B> e~ Bl=1)? (14)
0
t=1u(r) =u+ [w x ]
were introduced
Then
dy 0y 2,2~
D(f - - 22 BT du—
/| s ) dv = /LJ(at+Uax>e du
3
—/dvl/da| v — v, Q)| X
(15)

% €2Bw r /gp(t,$,u1)<ﬁ(t,$7u2) [M(vi,ul,x)ﬁ(v/,w,x)_
R6

— M(vl,ul,m)ﬂ(v, ug,x)]dulduz dv.

As usual, we introduce the notion of "gain"G and "loss" L parts of the collision
integral @)

2
G(r.9) =% [ dvn [ dalw = vnolft o ogltona), (10
R3 D)

2
= dQ/dvl/ da|(v —v1,a)|g(t,v1, ). (17)
R3 ¥
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Because, as is known [1]:

/G(Ml,MQ)d'U = /MlL(Mg)d’U, (18)

we obtain the next upper estimation

/ ID(f) — Q(f, f)| dv < ’ Z21 PN dudv+
+ 2 / (b, 2w )t 3, 1) / (4L (V) + (19)
R6 R3
+ MgL(Ml)] duidusdv

According to (19) for the correctly define of remainder (10) on coefficient
functions it is necessary to impose new conditions of fast decrease on a spatial
variable x. Therefore we will introduce the new denotation

o(t,z,u) = Y(t, x, u)e*ﬁ“ﬂ’ﬂ, (20)

where the functions are continuously differentiable and non-negative. Then
according to (19), (20) and (7) the estimate (19) takes a form

/ D(f) — QUf. )] dv <
R3

/ ‘ ( =289 |[[w x (z — z)] x w]) ‘ M dudv+ (21)
+ /@/}(t,x,ul)w(t,x,ug) /[MlL(Mg) + MgL(Ml)] duldugdv
R6 R3
Theorem. Let conditions (5), (14), (20) be valid, and
= %k (22)

where s > 0 is any constant, wy is arbitrary fived vector (the other pammeters are
also arbitrary and fized so far). Also we assume that the functions 1, |2 5 i ‘8x|

[[wo x z]|v, ([wo X ], %) , are bounded with respect to t and x on R” and that
the quantities

00 w0
U lul, oo SE St e @) (23

in the variable u uniformly in tand x on R*. Then the quality A defined by formula
(10) is meaningful (i.e., the finite inyegral and the finite supremum), and we have
A’ such that

A <A (24)
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If

1

3 < k<1, (25)
or

1 1

Sek< 2

1 <k<s, (26)
and

[wo x u] =0, (27)

then there is the finite limit

L= lim A'= sup [ ‘ du+

B—r—+00 (t,x)ER4

(28)

+27T3d2p2/Q,Z)(t,:c,ul)i/)(t,x,uzﬂul — ug|duydug | .
RG

To prove Theorem we need the following lemma 7|, which gives a sufficient
condition for the continuity of supremum of the function of special kind of many
variables. The supremum is taken respectively to a part of variables.

Lemma. Let the function g(y,z) : Y x Z — RYLY € RP; Z € RY; and let the
following conditions be satisfied:

1)Vz € Z, g(y, z) is bounded in Y;

2) g(y, z) is continuity in z uniformly with respect to y, i.e.,

V2o € Z,Ve > 0,36 > 0,Vy € Y,Vz € Z,

|2 =20l <0 = lg(y,2) — 9(y, 20)| < e

Then the function

I(z) = sup |g(y, 2)|
yey

18 continuity on the set Z.
Proof the Theorem. From (10), (21), (23) and the properties of supremum,
there are follows the existence of the remainder A, and

(t,z)eR*

A<A = sup L ‘ ( 2ﬁw[[wx(x—x0)]xw>‘Mdvdu+

+/1/J(t,x,u1)¢(t,x,uQ)/[MlL(Mg)+J\72L(]\71)]dvdu1duQ].

RS R3
(29)
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In (29) we also interchange the integration order; the validity of this procedure
can be justified as follows.
The integrand in the first term is continuous and

/’ < 25¢[[W><($—900)]><w>’Mdu

converges uniformly in R3 (by the Weierstrass theorem),

<

[ (22 -t e ) (2) e

<o(2)" e (|20] oy (|22 + 23] x o - zom )

™

is integrable by virtue of condition (23).

The integrand in the second term is continuous by the theorem conditions, and
the inner integral converges uniformly in u; and ug by the Weierstrass theorem
because we have an integrable majorizing function. We can therefore also change
the integration order here.

Changing the variables as \/B(v—1u) = w and v = % +u= % + [w x ],
we have
A= sup [,mr 3/2/‘ ( +u—|—[w><x]>><
(t,x)eR?
X (gﬁﬁ — 289w x (z — )] x ]) e dwdu | +

+ sup /¢ t T, Uy w(t T UQ)/ [MlL(MQ) +M2L(M1) dde1dUQ
(t,x)eR*
R3

(30)
Let us consider the integrand of the second supremum in expression (30):

ML(M)—M<w+ﬂ u x>d2/dvx
1 2 \/B 1, %1, 2R3 1

w . i (Y . & (B 3/2
<\/B+U1 /Ulva> (UlaUan) - <\/B+ulau17x> ?P <7T> X

Y
x/dvlz/dOZ(\wf ~—v1,)

e Blur—i2)?
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We introduce the replacement

=4

\/B(vl—f@):z; 01:%4‘ 2:%+u2+[wxaz].

MlL(MQ):M(\%+ﬂ1,u1,x)p7r3/2/ E/ ( —jB—fm,a)

w_ _z _
Let 0 be the angle between the vectors <\/B + NG u2) and «. Then we

e

have

~ o~ w d? 2
M{L(Msy) = M <—|—€L1,u1,x> p7r3/2/dze_z X
Wo) =M\ 75
w
— tu + [wxzx]—

2
xz/da\/g

We direct the z-axis along the vector (% + ug — \ifﬁ — ug) and introduce the

RS

—ug — [w X ]| | cos b.

VB

spherical coordinate system on Y. Integrating over the angles 6 and ¢, we then
obviously obtain

w d? _2|w z
MlL(MQ):M(\/B+U1,U1)\/;/dZ€ : 7&+u17ﬁ*u2 .
R3
Analogously, we have
w d? _2 | w w
MyL(My) =M <\/B+u2,u2> \/g/dze ’ ﬁ—i—ug — ﬁ —uyl.
R3
Hence, we obtain
/¢1¢2/ M (w-i-ul Ul) 53/2de/d2622 i—i—ul 2 —ug| +
P VB VT ) VB VB

Uy ]dwduldm =

2
+M (\;UB + u2,u2> 53/2%]1%/3 dze ug — % -

2
— *3/2 7w2d p/ 7z2
/ P12 / [pw e NG dze
R6 R3 R3

=3/2—w? d*p

\F

w
— +u

VBT BT

_2 | W
z — + uy

VBT VB

=2/w1wz/ e 2d22/d
RS R3

+ pr dze

U1 ]dwduldug =

)

+ up — us| | dwduqdus
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For expression simplification (30) we introduce the notation:

v = ﬁ (31)
d? 2
A(w,u,t,x) = p—= [ dze" |wy + (u1 — uz) — 27| (32)
|
B(w,u,t,z) = <\1/UB+u+[w ><:1:]> <gixb — 289 [[w X (x — )] xw]) =
= <\/B—|—u—|—[w><m]) X
X gi)—l—?ﬁ*w(w(w,x—xo) — w? <x— [w(;;u])) =
—iuwxa—@b w(w,z) — 2w + [wx u]) =
_<\/B+ +[><]>><a$+26¢((,) + [w x u])
_W Y b
_8x<\/ﬁ+ + [w x ])-l—
+2¢\/B{(w,w)(w7x) - wz(x,w) + (w, [w % u])} =
_ (v u+wxx
_ax<\/ﬁ+ + [w x ])+
+20V/B {~[w x w]fw x 2] + (w, [w x u])}
(33)
Using expressions (23) and (31), we will obtain the following:
B(w,u,t,z) = ?}Zﬁ (w’y—i—u%—*y%[wo x z]) + (34)

+ 2¢ys { (w, [wo x u]) — s7*{wo x w]wo X 7]}

Taking formulas (32) and (34) into account, we rewrite expression (30) as

e’ dwdu +

A = sup [pﬂ3/2/'aw+3(w,u,t,x)
Oz
R3

(t,z)ER*

+ sup [2p7r_3/2/w(t,x,ul)w(t,x,uQ)/A(w,ul,ug,t,x)dwduldW]
(t,x)eR4
R6 R3

(35)

We apply the aforesaid Lemma to each supremum contained in (35), where
y=(t,x),Y =R 2= (w,7), Z =R3 x R! . Fulfillment of the first and second
conditions follows from (23), (32), (34) and the theorem conditions.
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Because the lemma conditions are satisfied for each of these supremums, the
whole quantity A’ is continuous in v on ]R}r. So, in (35) we can pass to the limit
with 8 — 400, which is equivalent to the tending of v to zero. Thus dependence
on z and w is reduced only to expressions ¢ in (32) and e in (35). As a result
of integration by z and w we come to (28).

Now, based on the obtained expression for the limit as 8 — 400, we can find
the sufficient condition for the mismatch A to tend to zero, which we formulate
as a corollary of Theorem.

Corollary. Let all the theorem conditions be valid. Then the statement

A0 (36)

holds if the function v defined by formula (8) has the form

P\3/? )
Blta) = Cla—u) (2] e, (37)

™

where C' is any smooth, positive and bounded function together with all its
derivatives, ug € R? is an arbitrary fived vector, and P — 400.

Proof. Let us use limit expression (28) and substitute expression (37) in it.
The integrand of the first term then vanishes,

C'(x — ut)(—u) + uC’(x — ut) = 0.

We consider the integral in the second term (the proof of integral convergence
and it tending to zero as P — +o0 is analogous to proof in [12]). The corollary is
proved.

Remark 1. Relation (36) also holds at a fixed P in expression (37) under the
additional condition that d — 0 (the near-Knudsen gas).

Remark 2. In (37), we can obviously take C([ux z]) instead of the first factor
C(z — ut) and take other d-functions instead of the second factor.

Remark 3. The common property of all obtained distributions is that they
describe the non-uniform cooling gas (8 — +00). Besides, the rotation of spiral
decelerates (w — 0), although in different degrees in accordance with (22) and
under the conditions of (25), (26). As corollary shows, the estimate (21) and the
limit in expression (28) ensure the further arbitrary smallness of the remainder
A for the given coefficient functions and sufficiently small absolute temperature,
which only means assuming that the thermal constituent of the molecule velocities
is small when an arbitrary value of the mass velocity of a flow is preserved. At the
same time, the distribution f itself does not tend to any of Maxwellians (i.e. to
the known exact solution of the Boltzmann equations). It’s defined by (37), (9),
(5).

In summary, in this paper we managed a few to generalize results, which
obtained in [12] and [14]. We have here constructed continual distribution for
the case of local Maxwellians describing the screw-shaped stationary equilibrium
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states of a gas and satisfying Boltzmann equation (1)-(3) in the sense of
minimizing mismatch (10).
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KOPOBOB BAJIEPUI NTBAHOBUY
K 75-aemuio co dna pooicderus

27 cenrsibps 2016 roxa mcnosiHuiock 75 ser IyraBHOMY pelakTOpy HAIIEro Kyp-
Haja JI0OKTOpY (PU3MKO-MaTeMaTUYecKux Hayk, mpodeccopy Kopobory Basaeputo
NBanosnuy.

Beg xusub 91010 3aMe9aTeIbHOTO YeI0BEKA CBA3aHA ¢ MATEMATUKON 1 Xaph-
xoBckuM yHuBepcuTeroM. [lo ero uaurmaruse B 1971 rony 6bL1a OTKPBITA [TEPBast
«mpukaagHady kadeapa va dpakyabrere — kadeapa MaTeMaTUIeCKOi Teopun Cu-
cteM, a Bagnepmit Vpanoswd B 30 JreT cTas e€ 3aBeAyIONIUM — CAMBIM MOJOIBIM
zaBeayromuM kKadeapoit B yuusepcurere. Banepuit IBanosuda cozpan B XapbKo-
Be HAYYHYIO IIKOJIY 110 MAaTeMaTU4eCKOU TEOPUU YIPAaB/IEHUs, CTABIIYIO U3BECT-
HO# Jasieko 3a TpefenaMu Harmeit crpanbl. Bamepuit BanoBuu — aBTop Gosiee
170 mayambix pabot, cpean KOTOPbIX — MoHOrpadgua «Merox dyukimn ympas-
asemoctuy (2007). 3a BbIarONMecs: HAyYIHbIE JOCTHXKeHns Basepnit Usanosmd
Kopobos ymocroen T'ocymapcrBentoit mpevMun Y KpawHbl B 00aCTH HAYKW U TEX-
aukn (2010 rof), a 3a BKJIAJ B pa3sBUTHE KOCMOHABTUKHM HATPAXKIEH MEIAJbIO
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C. II. Koposiéea Qemeparmu kocmoraBTuku Poccun. OH BOCIHUTA COTHU CTY/I€H-
TOB, 12 KaHAUAATOB HAYK, a Tpoe ero yaenunkos — Hryen Xoa Illon, Pabax Pabax
u . M. Ckasap — craiun gokropamu vHayk. B cenrsbpe 2016 roga B XapbKOBCKOM
HallMOHAJbHOM yHUBepcuTeTe uMenn B. H. Kapasuna cocroganack MexnyHapoI-
nas kouepenrus «Differential Equations and Control Theoryy, mocssiménnast
75-neruro Banepua Nsanosuua Kopobosa, Ha KOTOPOi COOpaAJINCh €r0 yIeHUKH,
TTOC/IeIOBATENTH, KOJLJIETH U3 PA3HBbIX CTPAH.

Msr ot BCeit ayiu mo3apassagem Basepusa MpanoBuua ¢ robuiaeem u 2keaem
eMy 1006pOT0 3I0POBbsi M HOBBIX HAYYHBIX JIOCTUKEHUH.

Rabah Rabah, Nguyen Khoa Son, Bopucenxo A.A., I'andesv FO.B.,
Sosomapes B.A., Henamosuw C.FO., Ilacmyp JI.A., Ilayezon H. D.,

Ilpuzodero A.Il., Pesynenrxo A.B., Cxasp I'M., Xpycros E.A.,
Yytiko C.M.
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2. IlpeacraBieHHaM CTATTI BBAXKAETHCS OTPUMAHHS PEJAAKINEI0 daitiis crarTi,
aHOTAaIIli, BIIOMOCTel PO aBTOPIB Ta apxira, 1o era04Yae LATEX ta PDF daiiim
cTaTTi Ta Qafan MATIOHKIB.

3. Pepaxiiia npuiiMae cTarTi yKpalHCHKOIO, POCIfICKOI0 800 aHT/IifiICHKOI0 MOBa-
mu. Crarrs mae 6yt odopmiena y pegakropi LATEX (Bepcig 2e). @aiin-3pa3ok
odopmieHHS CTATTI MOXKHO 3HAWTH B PEIAKINI KypHAJY Ta HA BeO-CTOpPIHIM
(http://vestnik-math.univer.kharkov.ua). Crarrss noBrHHA HOYHHATHCS 3 KOPOT-
kux aHoraiiii (ae 6inbire 10 cTpok), B gkux nouaHi OyTn 9iTKO chHOPMYIBOBaHI
ITb Ta pe3yabrarn poboTH. AHoTalii TOBUHHI OyTH TphOMa MOBaMuU (yKpaiHCh-
KO0, POCIHCKOI0 Ta AHT/IIHCHKO): MEPIIO MOBUHHA CTOATH AHOTAISA TIEK MOBO-
I0H, SKOI0 € OCHOBHUIT TekcT crarTi. B anoraril moBuHHi 6yTH TPU3BHUINA, iHIIHAIN
aBTOPiB, HA3Ba POOOTH, KJIIOUOB] CJI0BA, Mi?KHAPOIHA MaTeMaTHIHA KIacudikaris
(Mathematics Subject Classification 2010). AnoTarist He TOBUHHA MATH MOCHIAH-
Hsl Ha JITEPATypPy Ta MaIOHKH.

4. Tpukaamgm opOpMIEHHS CITUCKA JiTePATyPH:

1. JIamymos A.M. O6mast 3amada 06 yCTOWUMBOCTH TBUKEHUS. - XapbKOB: Xaph-
roBckoe Maremaruueckoe Obiectso, 1892. - 251 c.

2. Jlanynos A.M. O6 onnowm cBoiicTBe qudbpepeHnnaTbHbIX YPaBHEHUH 38491 O
JIBHZKEHUH TSXKEJI0r0 TBEP/Oro TeJla, MMEOIIero HenoasxkHyto 1ouky // Coob-
menust XapbkoBckoro mar. obmectsa. Cep. 2. — 1894. — T. 4. Ne 3. — C. 123-140.

5. Koxnwnit manoHOK moBHHEH OyTH NPOHYMEPOBAHWI Ta IIPEICTABICHUMN
okpemuM aitiiom B ogaomy 3 hopmaris: EPS, BMP, JPG. B daiiii crarti mastio-
HOK noBuHEeH OyTu BCrapaeruil apropom. Ilin mantonkoM moBuaer OyTy Iiiimuc.

6. BimomocTi mpo aBTOpiB MOBWHHI MICTUTH: NPi3BUIIa, iM’sl, 0 HATHKOBI,
cayx0oBa aapeca Ta HOMepa TeaedoHIB, agpeca eneKTporHol momTu. IIpoxaH-
Hd TAKOXK TOBITOMUTH TPI3BUINE aBTOPA, 3 AKUM Tpeba BECTH MePEeNuCKY.

7. PekoMmeHyeMO BHKODHCTOBYBATH OCTaHHI BHIYCKHM KypHasy ( vestnik-
math.univer.kharkov.ua/currentv.htm ) B sikocti 3paska odopmieHHs.

8. YV Buna Ky NOpYIeHHs MpaBuil opOPMIIEHHS PeJlaKiiid He OyJie PO3rsg aTu
CTATTIO.

Enextponna ckpunbka: vestnik-khnu@ukr.net

Enexrponna aapeca B Inrepreri: http: //vestnik-math.univer.kharkov.ua
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