
Вiсник Харкiвського нацiонального
унiверситету iменi В.Н. Каразiна
Серiя "Математика, прикладна
математика i механiка"
Том 84, 2016, с.61–92

Visnyk of V.N.Karazin Kharkiv National University
Ser. “Mathematics, Applied Mathematics

and Mechanics”
Vol. 84, 2016, p. 61–92

DOI: 10.26565/2221-5646-2016-84-06
УДК 517

Approximation properties of generalized Fup-functions
I. V.Brysina, V.A.Makarichev

N.Ye. Zhukovsky National Aerospace University "Kharkiv Aviation Institute"
Chkalov Str. 17, 61070 Kharkiv, Ukraine

iryna.brysina@gmail.com, victor.makarichev@gmail.com

Generalized Fup-functions are considered. Almost-trigonometric basis theorem
is proved. Spaces of linear combinations of shifts of the generalized Fup-
functions are constructed and an upper estimate of the best approximation
of classes of periodic differentiable functions by these spaces in the norm of
L2[−π, π] is obtained.
Keywords: function with a compact support, approximation of periodic
functions, up-function, Kolmogorov width, best approximation, generalized
Fup-function.

Брисiна I. В., МакарiчевВ.О. Апроксимацiйнi властивостi узагаль-
нених Fup-функцiй. Розглянуто узагальненi Fup-функцiї. Доведено
теорему про майже-тригонометричний базис. Побудовано простори
лiнiйних комбiнацiй зсувiв узагальнених Fup-функцiй i отримано верхню
оцiнку найкращого наближення цими просторами класiв перiодичних
диференцiйованих функцiй за нормою L2[−π, π].
Ключовi слова: фiнiтна функцiя, наближення перiодичних функцiй,
up-функцiя, поперечник за Колмогоровим, найкраще наближення, уза-
гальненi Fup-функцiї.

БрысинаИ.В., МакаричевВ.А. Аппроксимационные свойства обоб-
щенных Fup-функций. Рассмотрены обобщенные Fup-функции. Дока-
зана теорема о почти-тригонометрическом базисе. Построены простран-
ства линейных комбинаций сдвигов обобщенных Fup-функций и получена
верхняя оценка наилучшего приближения этими пространствами классов
периодических дифференцируемых функций по норме L2[−π, π].
Ключевые слова: финитная функция, приближение периодических функ-
ций, up-функция, поперечник по Колмогорову, наилучшее приближение,
обобщенные Fup-функции.

2000 Mathematics Subject Classification 41A30, 41A50

c© Brysina I. V., MakarichevV.A., 2016

61



62 I. V.Brysina, V.A. Makarichev

Introduction

Construction and investigation of compactly supported functions such as
splines and wavelets is an intensively developing area of mathematics. Various
systems of functions with a compact support are widely used in numerical
methods, mathematical physics, approximation theory, digital signal, image
processing etc. In particular these systems are used for numerical solution of
differential equations. Notice that the function, which is a solution of some
equation, is often infinitely differentiable or has high degree of smoothness. Hence,
the problem of construction of the function space L that combines the following
properties is of interest:

(i) all functions from L are infinitely differentiable (this property is important
for approximation of smooth functions);

(ii) in the space L there exists a basis that consists of compactly supported
functions (for example, this property makes it possible to construct effective
algorithms of solution of some differential equations);

(iii) the space L has good approximation properties.

Consider in detail the last property. Let X be a linear space supplied with a
norm ‖ · ‖X . Denote by A some subset of X. Let L be a subspace of X such that
dimL = N . By

EX(A,L) = sup
ϕ∈A

inf
f∈L
‖ϕ− f‖X

we denote the best approximation of the set A by the linear space L in the norm of
X. It can be said that L has good approximation properties, if there exists small
ε > 0 such that EX(A,L) < ε. At the same time it is interesting, if there exists
some other linear space V ⊂ X such that dimV = N and EX(A, V ) < EX(A,L)
(this means that V has better approximation properties than L). Therefore the
value of

dN (A,X) = inf
dimV=N

EX(A, V )

is of interest. We note that dN (A,X) is the Kolmogorov width [1].
Let {Nk}∞k=1 be a sequence of positive integer numbers.

Definition 1 The sequence of spaces {Lk}∞k=1 is extremal for approximation of
a set A in the norm of X, if dimLk = Nk and EX(A,Lk) = dNk(A,X) for any
k ∈ N.

Definition 2 The sequence of spaces {Lk}∞k=1 is asymptotically extremal for
approximation of a set A in the norm of X, if dimLk = Nk for any k ∈ N
and

lim
k→∞

EX(A,Lk)

dNk(A,X)
= 1.
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We say that spaces {Lk} have good approximation properties, if the sequence
{Lk} is extremal or asymptotically extremal for approximation of A in the norm
of X.

In [2, 3, 4], the spaces, which satisfy properties (i) – (iii), were introduced.
Consider in detail main results of these publications.

Consider the function

mups(x) =
1

2π

∞∫
−∞

eitx
∞∏
k=1

sin2
(
st(2s)−k

)
s2t(2s)−k sin (t(2s)−k)

dt,

where s ∈ N.
For the case s = 1 the function mups(x) is equal to well-known Rvachev

function

up(x) =
1

2π

∞∫
−∞

eitx
∞∏
k=1

sin
(
t2−k

)
t2−k

dt,

which is a solution with a compact support of the functional differential equation

y′(x) = 2(y(2x+ 1)− y(2x− 1)).

As a solution of this equation the function up(x) was introduced in [5] (see aslo
[2] and [3]).

The function mups(x) for the case s ≥ 2 was constructed in [6].
For any s ∈ N the function mups(x) combines the following properties:

1) supp mups(x) = [−1, 1];

2) mups(x) ∈ C∞(R);

3) the function mups(x) is not analytic at any x ∈ [−1, 1];

4)
∫∞
−∞mups(x)dx = 1;

5) mups(x) is a solution of the equation

y′(x) =

s∑
k=1

(y(2sx+ 2s− 2k + 1)− y(2sx− 2k + 1));

6)
∥∥∥mup(n)s (x)

∥∥∥
C[−1,1]

= 2n(2s)n(n−1)/2 for any n = 0, 1, 2, . . ..

For the case s = 1 the properties 1) – 6) were proved in [5] (see also [2]). For
the general case these properties were proved in [6] (see also [4, 7]).

Let MUPs,n be the space of functions ψ(x) of the form

ψ(x) =
∑
k

ck ·mups,n
(
x− k

(2s)n

)
, x ∈ [−1, 1]
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and M̃UP s,n be the space of functions ϕ(x) such that

ϕ(x) =
∑
k

ck ·mups
(
x

π
− k

(2s)n

)
, x ∈ [−π, π]

and ϕ(j)(−π) = ϕ(j)(π) for any j = 0, 1, 2, . . ..

Theorem 1 ([4]) For any n = 0, 1, 2, . . . there exists the set of coefficients
{vj}j∈Z such that ∑

j∈Z
vj ·mups

(
x− j

(2s)n

)
≡ xn.

This means that MUPs,n contains all polynomials of order not greater than
n.

Further, consider the function

Fmups,n(x) =
1

2π

∞∫
−∞

eitx

sin
(

t
2(2s)n

)
t

2(2s)n

n

Fs

(
t

(2s)n

)
dt,

where s ∈ N, n = 0, 1, 2, . . . and Fs(t) is the Fourier transform of the function
mups(x).

It was shown in [4] that Fmups,n(x) ∈ C∞(R) and

Fmups,n(x) = 0 for |x| > n+ 2

2(2s)n

(for the case s = 1 these properties were obtained in [3]).

Theorem 2 ([4]) The system of functions{
Fmups,n

(
x− j

(2s)n
+ 1 +

n+ 2

2(2s)n

)}2(2s)n+n+1

j=1

is a basis of the space MUPs,n.

Combining this theorem with theorem 1, we see that any polynomial of degree
at most n can be expressed as a linear combination of shifts of the function
Fmups,n(x).

Theorem 3 ([4]) The system of functions {ψ1(x), ψ2(x), . . . , ψ2(2s)n(x)} constitutes
a basis of the space M̃UP s,n, where

ψk(x) = Fmups,n

(
x

π
− k

(2s)n
+

n+ 2

2(2s)n
− 1

)
+

+Fmups,n

(
x

π
− k

(2s)n
+

n+ 2

2(2s)n
+ 1

)
, k = 1, . . . , n+ 1,

ψk(x) = Fmups,n

(
x

π
− k

(2s)n
+

n+ 2

2(2s)n
+ 1

)
, k = n+ 2, . . . , 2(2s)n.
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It follows from this theorem that dimension of M̃UP s,n equals 2(2s)n.
Let us remark that for the case s = 1 theorems 1 – 3 were obtained in [3].
Further, we need some notations. By W̃ r

∞ denote the class of functions
g ∈ Cr[−π,π] such that g(k)(−π) = g(k)(π) for any k = 0, 1, . . . , r − 1 and

‖g(r)‖C([−π,π]) ≤ 1. Let W̃ r
2 be the class of functions g ∈ Cr−1[−π,π] such that the

equality g(k)(−π) = g(k)(π) holds for any k = 0, 1, . . . , r−1, g(r−1)(x) is absolutely
continuous and ‖g(r)‖L2[−π,π].

Theorem 4 ([3], see also [2]) We have

lim
n→∞

EC([−π,π])(W̃
r
∞, M̃UP 1,n)

d2n+1(W̃ r
∞, C([−π, π]))

= 1.

In other words, spaces ŨPn = M̃UP 1,n are asymptotically extremal for
approximation of W̃ r

∞ in the norm of C([−π, π]).

Theorem 5 ([2]) There exists n(r) such that

EL2[−π,π](W̃
r
2 , M̃UP 1,n) = d2n+1(W̃ r

2 , L2[−π, π])

for any n ≥ n(r).

Therefore ŨPn is extremal for approximation of functions from the class W̃ r
2

in the norm of the space L2[−π, π].

Theorem 6 ([4]) For any s ≥ 2 the following equality holds:

lim
n→∞

EL2[−π,π](W̃
r
2 , M̃UP s,n)

d2(2s)n(W̃
r
2 , L2[−π, π])

= 1.

This means that spaces M̃UP s,n are asymptotically extremal for approximation
of W̃ r

2 in the norm of L2[−π, π].
We see that the functions mups(x) (in particular, the function up(x)) and

Fmups,n(x) have a number of convenient properties. Therefore these functions
have applications to wavelet theory [8, 9, 10, 11, 12, 13, 14], digital signal
processing [15, 16], numerical methods and numerical modeling [17, 18, 19, 20]
(note that a comprehensive survey also can be found in chapter 2 of [21]), the
theory of generalized Taylor series [2, 7, 11, 12, 22, 23, 24, 25] etc.

We note also that the growth rate of the dimension ofMUPs,n and M̃UP s,n is
a disadvantage of these spaces. Indeed, for any s ∈ N the value of dim M̃UP s,n =
2(2s)n increases exponentially. Our goal is to construct the space of functions that
does not have this disadvantage and has all advantages of M̃UP s,n.

Let f(x) ∈ L2(R) be a function such that
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1) supp f(x) = [−1, 1],

2) f(x) is an even function,

3) f(x) ≥ 0 for any x ∈ [−1, 1],

4)
∫∞
−∞ f(x)dx = 1.

By F (t) denote the Fourier transform of this function.

Definition 3 ([26]) The function

fN,m(x) =
1

2π

∞∫
−∞

eitx
(
sin (t/N)

t/N

)m+1

F (t/N) dt,

where F (t) is the Fourier transform of f(x), N 6= 0 and m ∈ N is called a
generalized Fup-function and f(x) is called its mother function.

Here we use the term "mother function"just as the term "mother wavelet"is
used in the theory of wavelets.

It can be seen that the generalized Fup-function is a generalization of the
function Fmups,n(x).

The aim of this paper is to investigate the best approximation of the class W̃ r
2

by the spaces of linear combinations of shifts of the generalized Fup-functions in
the norm of the space L2[−π, π].

This paper is organized as follows. In section 2, we introduce and prove
the almost-trigonometric basis theorem. In section 3, we construct the spaces of
shifts of the generalized Fup-functions and using the almost-trigonometric basis
theorem, we obtain an upper estimate of the best approximation of W̃ r

2 by these
spaces in the norm of L2[−π, π]. In the last section, we analyze the results of this
paper and consider some open problems.

Actually, in this paper we introduce a new method of construction of locally
supported functions with good approximation properties.

Further, we assume that

‖f‖ = ‖f‖L2[−π,π] and (f, g) =

π∫
−π

f(x)g(x)dx.

Almost-trigonometric basis theorem

Let N be an arbitrary even natural number.
Denote by VN the space of functions f(x) ∈ L2[−π, π] such that

f(x) =

N/2−1∑
p=0

(ap · vN,p(x) + bp · wN,p(x)) ,
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where
vN,0(x) ≡ 1,

vN,p(x) =

∞∑
k=0

(rN,p,k · cos((p+ kN)x) + qN,p,k · cos((N(k + 1)− p)x)) (1)

and

wN,p(x) =
∞∑
k=0

(sN,p,k · sin((p+ kN)x) + tN,p,k · sin((N(k + 1)− p)x)) (2)

for p = 1, 2, . . . , N/2− 1,

wN,0(x) =
∞∑
k=0

(
yN,k · cos

(
N

2
(2k + 1)x

)
+ zN,k · sin

(
N

2
(2k + 1)x

))
, (3)

rN,p,0 = sN,p,0 = 1 for any p = 1, 2, . . . , N/2 − 1. We assume that series in (1) –
(3) are convergent in L2[−π, π].

We shall say that the system of functions {vN,p, wN,p}N/2−1p=0 is an almost-tri-
gonometric basis of the space VN .

In this section, we obtain an upper estimate of the best approximation of the
class W̃ r

2 by the space VN in the norm of L2[−π, π].

Theorem 7 If there exists m ∈ N, M ≥ 0 and functions ϕ1, ϕ2 such that

(i) ϕ1, ϕ2 are positive, increasing and differentiable on [0, 1/2];

(ii) ϕ1(1/2) ≤ 1, ϕ2(1/2) ≤ 1;

(iii) m+ 1 ≥ r;

(iv) for any p = 1, 2, . . . , N/2− 1 the following conditions hold:

q2N,p,0 =

(
p

N − p

)2(m+1)

ϕ2
1

( p
N

)
, (4)

t2N,p,0 =

(
p

N − p

)2(m+1)

ϕ2
2

( p
N

)
; (5)

(v)
∞∑
k=1

(
r2N,p,k + q2N,p,k

)
≤
( p
N

)2(m+1)
M, (6)

∞∑
k=1

(
s2N,p,k + t2N,p,k

)
≤
( p
N

)2(m+1)
M (7)

for any p = 1, 2, . . . , N/2− 1;
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then

EL2[−π,π]

(
W̃ r

2 , VN

)
≤
(
N

2

)−r√
1 + ε, (8)

where

ε =
M2

24m+3
+

M

22m+1
+

√
2M

2m+r+1
.

Proof. To prove this statement, it is sufficient to obtain the following
inequality:

inf
ω∈VN

‖f − ω‖ ≤
(
N

2

)−r√
1 +

M2

24m+3
+

M

22m+1
+

√
2M

2m+r+1
(9)

for any f ∈ W̃ r
2 .

Let f(x) be an arbitrary function from the class W̃ r
2 .

By construction, the space Vn contains all constant functions.
Let f be a non-constant function. It follows from the definition of the class

W̃ r
2 that

0 < ‖f (r)‖ ≤ 1.

Consider the Fourier series expansion of the function f :

f(x) = ã0 +
∞∑
n=1

(
ãn · cos(nx) + b̃n · sin(nx)

)
.

Let g(x) = f(x)− ã0. By the above

inf
ω∈VN

‖f − ω‖ = inf
ω∈VN

‖g − ω‖

= ‖f (r)‖ · inf
ω∈VN

∥∥∥∥ 1

‖f (r)‖
g − ω

∥∥∥∥ ≤ inf
ω∈Vn

‖ζ − ω‖,
(10)

where ζ(x) = 1
‖f (r)‖g(x).

Notice that
‖ζ(r)‖ = 1. (11)

The function ζ can be represented in the following form:

ζ(x) =

N/2∑
p=1

(θN,p(x) + µN,p(x)) ,

where

θN,p(x) =
∞∑
k=0

(
ãp+kN

‖f (r)‖
· cos((p+ kN)x) +

ã(k+1)N−p

‖f (r)‖
· cos((N(k + 1)− p)x)

)
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and

µN,p(x) =

∞∑
k=0

(
b̃p+kN

‖f (r)‖
· sin((p+ kN)x) +

b̃(k+1)N−p

‖f (r)‖
· sin((N(k + 1)− p)x)

)

for p = 1, 2, . . . , N/2− 1,

θN,N/2(x) =

∞∑
k=0

ã(k+1)N/2

‖f (r)‖
· cos

(
N

2
(k + 1)x

)
,

µN,N/2(x) =
∞∑
k=0

b̃(k+1)N/2

‖f (r)‖
· sin

(
N

2
(k + 1)x

)
.

Further we need some notations.
Let cp = ‖θ(r)N,p‖, dp = ‖µ

(r)
N,p‖,

fp(x) =

{
1
cp
θN,p(x), if cp 6= 0,

θN,p(x), if cp = 0
and gp(x) =

{
1
dp
µN,p(x), if dp 6= 0,

µN,p(x), if dp = 0

for p = 1, 2, . . . , N/2.
In these notations,

ζ(x) =

N/2∑
p=1

(cpfp(x) + dpgp(x)) and ‖f (r)p ‖ = ‖g(r)p ‖ = 1.

In addition, from (11) it follows that

N/2∑
p=1

(
c2p + d2p

)
= 1.

Therefore, to prove inequality (9) for any non-constant function f ∈ W̃ r
2 , it is

sufficient to obtain an upper estimate of inf
ω∈VN

‖ζ − ω‖, where

ζ(x) =

N/2∑
p=1

(cpfp(x) + dpgp(x)),

fp(x) =
∞∑
k=0

(
ap+kN · cos((p+ kN)x) + a(k+1)N−p · cos((N(k + 1)− p)x)

)
and

gp(x) =
∞∑
k=0

(
bp+kN · sin((p+ kN)x) + b(k+1)N−p · sin((N(k + 1)− p)x)

)
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for p = 1, 2, . . . , N/2− 1,

fN/2(x) =
∞∑
k=0

a(k+1)N/2 · cos
(
N

2
(k + 1)x

)
,

gN/2(x) =

∞∑
k=0

b(k+1)N/2 · sin
(
N

2
(k + 1)x

)
,

∥∥∥f (r)p

∥∥∥ =
∥∥∥g(r)p ∥∥∥ = 1 (12)

for p = 1, 2, . . . , N/2,
N/2∑
p=1

(
c2p + d2p

)
= 1.

Let us introduce some notations.
For any p = 1, 2, . . . , N/2− 1 let

αp,1 =

∥∥∥∥fp − (fp, vN,p)

(vN,p, vN,p)
vN,p

∥∥∥∥ , αp,2 = ∥∥∥∥gp − (gp, wN,p)

(wN,p, wN,p)
wN,p

∥∥∥∥
and αN/2,1 = ‖fN/2‖, αN/2,2 = ‖gN/2‖.

It is easily shown that

inf
ω∈VN

‖ζ − ω‖ ≤ max
p=1,...,N/2,j=1,2

αp,j . (13)

Consider αp,j for p = 1, 2, . . . , N/2 and j = 1, 2.
1. For the case p = N/2, we have

α2
N/2,1 = π

∞∑
k=0

a2(k+1)N/2 =

(
N

2

)−2r
π

∞∑
k=0

a2(k+1)N/2

(
N

2

)2r

≤
(
N

2

)−2r
π

∞∑
k=0

(
(k + 1)

N

2

)2r

a2(k+1)N/2 =

(
N

2

)−2r ∥∥∥f (r)N/2

∥∥∥2 .
If we combine this with (12), we get α2

N/2,1 ≤ (N/2)−2r.
By the same argument, α2

N/2,2 ≤ (N/2)−2r.
Hence,

α2
N/2,j ≤

(
N

2

)−2r
(14)

for j = 1, 2.
2. Let p = 1, 2, . . . , N/2− 1 and j = 1, 2.
Consider the functions

`p,j(x) =

{
ap · cos(px) + aN−p · cos((N − p)x), if j = 1,

bp · sin(px) + bN−p · sin((N − p)x), if j = 2,
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hp,j(x) =

{
fp(x)− `p,j(x), if j = 1,

gp(x)− `p,j(x), if j = 2,

ζp,j(x) =

{
cos(px) + qN,p,0 · cos((N − p)x), if j = 1,

sin(px) + tN,p,0 · sin((N − p)x), if j = 2,

εp,j(x) =

{
vN,p(x)− ζp,j(x), if j = 1,

wN,p(x)− ζp,j(x), if j = 2.

Then ∥∥∥∥(`p,j + hp,j)−
(`p,j + hp,j , ζp,j + εp,j)

(ζp,j + εp,j , ζp,j + εp,j)
(ζp,j + εp,j)

∥∥∥∥2 .
It is not hard to prove that `p,j , ζp,j are orthogonal to the functions hp,j , εp,j ,

i. e.
(`p,j , hp,j) = (`p,j , εp,j) = (ζp,j , hp,j) = (ζp,j , εp,j) = 0. (15)

This implies that

α2
p,j =

∥∥∥∥`p,j + hp,j −
(`p,j , ζp,j) + (hp,j , εp,j)

‖ζp,j‖2 + ‖εp,j‖2
(ζp,j + εp,j)

∥∥∥∥2 = A1 +A2 +A3,

where

A1 =

∥∥∥∥`p,j − (`p,j , ζp,j)

‖ζp,j‖2 + ‖εp,j‖2
(ζp,j + εp,j)

∥∥∥∥2 ,
A2 =

∥∥∥∥hp,j − (hp,j , εp,j)

‖ζp,j‖2 + ‖εp,j‖2
(ζp,j + εp,j)

∥∥∥∥2 (16)

and

A3 = 2

(
`p,j −

(`p,j , ζp,j) · (ζp,j + εp,j)

‖ζp,j‖2 + ‖εp,j‖2
, hp,j −

(hp,j , εp,j) · (ζp,j + εp,j)

‖ζp,j‖2 + ‖εp,j‖2

)
. (17)

Further, A1 = A1,1 +A1,2 − 2 ·A1,3, where

A1,1 =

∥∥∥∥`p,j − (`p,j , ζp,j)

‖ζp,j‖2 + ‖εp,j‖2
ζp,j

∥∥∥∥2 ,
A1,2 =

(`p,j , ζp,j)
2

(‖ζp,j‖2 + ‖εp,j‖2)2
‖εp,j‖2 (18)

and
A1,3 =

(
`p,j −

(`p,j , ζp,j)

‖ζp,j‖2 + ‖εp,j‖2
ζp,j ,

(`p,j , ζp,j)

‖ζp,j‖2 + ‖εp,j‖2
εp,j

)
.

Using (15), we get A1,3 = 0. Also, we see that

A1,1 =

∥∥∥∥`p,j − (`p,j , ζp,j)

(
1

‖ζp,j‖2
+

1

‖ζp,j‖2 + ‖εp,j‖2
− 1

‖ζp,j‖2

)
ζp,j

∥∥∥∥2 =
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= A1,1,1 +A1,1,2 +A1,1,3,

where

A1,1,1 =

∥∥∥∥`p,j − (`p,j , ζp,j)

‖ζp,j‖2
ζp,j

∥∥∥∥2 , (19)

A1,1,2 = (`p,j , ζp,j)
2

(
1

‖ζp,j‖2 + ‖εp,j‖2
− 1

‖ζp,j‖2

)2

‖ζp,j‖2 (20)

and

A1,1,3 =

(
`p,j −

(`p,j , ζp,j)

‖ζp,j‖2
ζp,j , ζp,j

)
·
(

1

‖ζp,j‖2 + ‖εp,j‖2
− 1

‖ζp,j‖

)
.

It follows from (15) that A1,1,3 = 0.
Consequently

α2
p,j = A1,1,1 +A1,1,2 +A1,2 +A2 +A3. (21)

By γp,j denote
∥∥∥`(r)p,j∥∥∥2. Using (12), we get

∥∥∥h(r)p,j∥∥∥2 = 1− γp,j (22)

and
0 ≤ γp,j ≤ 1. (23)

Let us prove that

A1,1,1 ≤ γp,j
(
N

2

)−2r
. (24)

By construction

(`p,j , ζp,j) =

{
π (ap + aN−p · qN,p,0) , if j = 1,

π (bp + bN−p · tN,p,0) , if j = 2
(25)

and

‖ζp,j‖2 =

π
(
1 + q2N,p,0

)
, if j = 1,

π
(
1 + t2N,p,0

)
, if j = 2.

(26)

If we combine these equalities with (19), we get

A1,1,1 = π

(ap − ap + aN−pqN,p,0
1 + q2N,p,0

)2

+

(
aN−p −

ap + aN−pqN,p,0
1 + q2N,p,0

qN,p,0

)2


= π
(ap · q2N,p,0 − aN−p · qN,p,0)2 + (aN−p − ap · qN,p,0)2(

1 + q2N,p,0

)2 = π
(aN−p − ap · qN,p,0)2

1 + q2N,p,0
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for the case j = 1.
Similarly,

A1,1,1 = π
(bN−p − bp · tN,p,0)2

1 + t2N,p,0

for the case j = 2.
Also, we see that

γp,j =

π
(
p2r · a2p + (N − p)2 · a2N−p

)
, if j = 1

π
(
p2r · b2p + (N − p)2r · b2N−p

)
, if j = 2.

(27)

It is not hard to prove that

max
(x,y)∈D

(y − c · x)2 = γp,j
π
· p

2r + c2 · (N − p)2r

p2r · (N − p)2r
,

where
D =

{
(x, y) ∈ R2 : x2 · p2r + y2 · (N − p)2r = γp,j

π

}
.

By setting c = ap and c = bp, we obtain

A1,1,1 ≤


π

1+q2N,p,0
· γp,jπ ·

p2r+(N−p)2r·q2N,p,0
p2r·(N−p)2r , if j = 1,

π
1+t2N,p,0

· γp,jπ ·
p2r+(N−p)2r·t2N,p,0

p2r·(N−p)2r , if j = 2.

By (4) and (5), it follows that

A1,1,1 ≤ γp,j ·
p2r + (N − p)2r · p2(m+1)

(N−p)2(m+1) · ϕ2
j

( p
N

)
p2r · (N − p)2r ·

(
1 + p2(m+1)

(N−p)2(m+1) · ϕ2
j

( p
N

))

= γp,j ·
N2(m+1−r)

N2(m+1)
·
(
1− p

N

)2(m+1−r)
+
( p
N

)2(m+1−r) · ϕ2
j

( p
N

)(
1− p

N

)2(m+1)
+
( p
N

)2(m+1) · ϕ2
j

( p
N

) .

Hence,
A1,1,1 ≤ γp,j ·N−2r · ηj

( p
N

)
, (28)

where

ηj(x) =
(1− x)2(m+1−r) + x2(m+1−r) · ϕ2

j (x)

(1− x)2(m+1) + x2(m+1) · ϕ2
j (x)

.

Let us prove that ηj(p/N) ≤ 22r.
We get

η′j(x) =
ξj(x)(

(1− x)2(m+1) + x2(m+1) · ϕ2
j (x)

)2 ,
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where
ζj(x) =

(
(1− x)2(m+1−r) + x2(m+1−r) · ϕ2

j (x)
)′

×
(
(1− x)2(m+1) + x2(m+1) · ϕ2

j (x)
)

−
(
(1− x)2(m+1−r) + x2(m+1−r) · ϕ2

j (x)
)

×
(
(1− x)2(m+1) + x2(m+1) · ϕ2

j (x)
)′
.

It can be easily checked that if m+ 1 = r, then

ξj(x) = 2ϕj(x)ϕ
′
j(x)

(
(1− x)2r − x2r

)
+ 2rϕ2

j (x)
(
(1− x)2r − x2r

)
+

+2r
(
(1− x)2r−1 − x2r−1ϕ4

j (x)
)
.

By the assumption of the theorem ϕj is an increasing differentiable function
and 0 ≤ ϕj(x) ≤ 1. Thus ξj(x) ≥ 0. Hence, η′j(x) ≥ 0 for any x ∈ [0, 1/2].

It is not hard to prove that if m+ 1 > r, then

ξj(x) = 2r
(
(1− x)4m−2r+3 − x4m−2r+3ϕ4

j (x)
)

+2ϕj(x)ϕ
′
j(x)(1− x)2(m+1−r)x2(m+1−r) ((1− x)2r − x2r)

+2ϕ2
j (x)((m+ 1− r)x2(m−r)+1(1− x)2(m−r)+1((1− x)2r+1 − x2r+1)

+(m+ 1)x2(m+1−r)(1− x)2(m+1−r)((1− x)2r−1 − x2r−1)).

By the same argument, ξj(x) ≥ 0 and η′j(x) ≥ 0 for any x ∈ [0, 1/2]. Therefore
the function ηj(x) increases on the segment [0, 1/2].

Since p ≤ N/2− 1, we see that ηj(p/N) ≤ ηj(1/2− 1/N). By construction,

ηj

(
1

2
− 1

N

)
=

(
1
2 + 1

N

)2(m+1−r)
+
(
1
2 −

1
N

)2(m+1−r) · ϕ2
j

(
1
2 −

1
N

)(
1
2 + 1

N

)2(m+1)
+
(
1
2 −

1
N

)2(m+1) · ϕ2
j

(
1
2 −

1
N

)

= 22r ·

2(m+1−r)∑
k=0

(
2(m+ 1− r)

k

)(
1 + (−1)k · ϕ2

j

(
1
2 −

1
N

)) (
2
N

)k
2(m+1)∑
k=0

(
2(m+ 1)

k

)(
1 + (−1)k · ϕ2

j

(
1
2 −

1
N

)) (
2
N

)k .

It follows from the properties of the function ϕj(x) that

0 ≤ ϕj
(
1

2
− 1

N

)
≤ ϕj

(
1

2

)
≤ 1. (29)

If we combine this with(
2(m+ 1− r)

k

)
≤
(

2(m+ 1)
k

)
,
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we get

ηj

(
1

2
− 1

N

)
≤ 22r ·

2(m+1−r)∑
k=0

(
2(m+ 1)

k

)(
1 + (−1)k · ϕ2

j

(
1
2 −

1
N

)) (
2
N

)k
2(m+1)∑
k=0

(
2(m+ 1)

k

)(
1 + (−1)k · ϕ2

j

(
1
2 −

1
N

)) (
2
N

)k .

Obviously,

ηj

(
1

2
− 1

N

)
≤ 22r.

Hence, ηj(p/N) ≤ 22r. Combining this inequality with (28), we obtain (24).
Let us prove that

A1,1,2 ≤ γp,j ·M2 ·
(
N

2

)−2r
· 1

24m+3
. (30)

Using (20), we obtain

A1,1,2 = (`p,j , ζp,j)
2 · ‖εp,j‖4

‖ζp,j‖2 · (‖ζp,j‖2 + ‖εp,j‖2)2
.

It follows from (25) that ‖ζp,j‖2 ≥ π and

‖ζp,j‖2 + ‖εp,j‖2 ≥ π. (31)

Therefore,
A1,1,2 ≤ (`p,j , ζp,j)

2 · ‖εp,j‖4 · π−3.

From (4), (5) and (29) it follows that q2N,p,0 ≤ 1 and t2N,p,0 ≤ 1. If we combine
these inequalities with (25) and (27), we get

(`p,1, ζp,1)
2 ≤ 2π2

(
a2p + a2N−p · q2N,p,0

)
≤ 2π2

(
a2p + a2N−p

)
≤ 2π2 · p−2r ·

(
a2p · p2r + a2N−p · (N − p)2r

)
= 2π · p−2r · γp,1.

Similarly, (`p,2, ζp,2)2 ≤ 2π · p−2r · γp,2.
Hence,

(`p,j , ζp,j)
2 ≤ 2π · p−2r · γp,j (32)

for j = 1, 2.
By construction,

εp,j(x) =



∞∑
k=1

(rN,p,k · cos((p+ kN)x)+

+qN,p,k · cos((N(k + 1)− p)x)), if j = 1,
∞∑
k=1

(sN,p,k · sin((p+ kN)x)+

+tN,p,k · sin((N(k + 1)− p)x)), if j = 2.
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This implies that

‖εp,j‖2 =


π
∞∑
k=1

(
r2N,p,k + q2N,p,k

)
, if j = 1,

π
∞∑
k=1

(
s2N,p,k + t2N,p,k

)
, if j = 2.

Using (6) and (7), we get

‖εp,j‖2 ≤M · π ·
( p
N

)2(m+1)
. (33)

If we combine this inequality with (32), we obtain

A1,1,2 ≤ 2M2 · γp,j ·
p4(m+1)−2r

N4(m+1)
.

Since p < N/2, it can easily be checked that (30) holds.
Let us show that

A1,2 ≤ γp,j ·
(
N

2

)−2r
· M

22m+1
. (34)

It follows from (18), (31), (32) and (33) that

A1,2 ≤ 2πp−2rγp,j
1

π2

( p
N

)2(m+1)
·Mπ = γp,j · 2M ·

p2(m+1−r)

N2(m+1)
.

By assumption, m+ 1 ≥ r and p < N/2. Therefore,

A1,2 ≤ γp,j · 2M ·
(
N

2

)2(m+1−r)
· 1

N2(m+1)
= γp,j

(
N

2

)−2r M

22m+1
.

Let us prove that

A2 ≤
(
N

2

)−2r
· 1− γp,j

22r
(35)

Using (16), we get

A2 = ‖hp,j‖2 +
(hp,j , εp,j)

2

(‖ζp,j‖2 + ‖εp,j‖2)2
· (ζp,j + εp,j , ζp,j + εp,j)

−2 · (hp,j , εp,j)

‖ζp,j‖2 + ‖εp,j‖2
· (hp,j , ζp,j + εp,j).

If we combine this with (15), we obtain

A2 = ‖hp,j‖2 +
(hp,j , εp,j)

2

‖ζp,j‖2 + ‖εp,j‖2
− 2 · (hp,j , εp,j)

2

‖ζp,j‖2 + ‖εp,j‖2
≤ ‖hp,j‖2.
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By construction, we have

‖hp,1‖2 = π
∞∑
k=1

(
a2p+kN + a2(k+1)N−p

)

≤ π(p+N)−2r
∞∑
k=1

(
(p+ kN)2ra2p+kN + ((k + 1)N − p)2ra2(k+1)N−p

)
=

= (p+N)−2r ·
∥∥∥h(r)p,1∥∥∥2 .

Similarly, ‖hp,2‖2 ≤ (p+N)−2r ·
∥∥∥h(r)p,2∥∥∥2 . Thus

‖hp,j‖2 ≤ (p+N)−2r ·
∥∥∥h(r)p,j∥∥∥2 , j = 1, 2

Combining this with (22) and p < N/2, we get

‖hp,j‖2 ≤
1− γp,j
(p+N)2r

=
1− γp,j

N2r
(
1 + p

N

)2r ≤ 1− γp,j
N2r

=
1− γp,j
22r

·
(
N

2

)−2r
. (36)

Inequality (35) follows.
Let us show that

|A3| ≤
√

2M · γp,j · (1− γp,j) ·
(
N

2

)−2r
· 1

2m+r
. (37)

From (15) and (17) it follows that

A3 = 2(`p,j , hp,j)− 2
(hp,j , εp,j)

‖ζp,j‖2 + ‖εp,j‖2
(`p,j , ζp,j + εp,j)

−2 (`p,j , ζp,j)

‖ζp,j‖2 + ‖εp,j‖2
(hp,j , ζp,j + εp,j)+

+2
(`p,j , ζp,j) · (hp,j , εp,j)
(‖ζp,j‖2 + ‖εp,j‖2)2

(
‖ζp,j‖2 + ‖εp,j‖2

)
= −2(`p,j , ζp,j) · (hp,j , εp,j)

‖ζp,j‖2 + ‖εp,j‖2
.

Therefore,

|A3| ≤ 2
|(`p,j , ζp,j)| · |(hp,j , εp,j)|
‖ζp,j‖2 + ‖εp,j‖2

.

If we combine this inequality with (31), (32), (33), (36) and p < N/2, we obtain

|A3| ≤ 2 · 1
π
·
√

2π · γp,j · p−r ·
√
1− γp,j

(p+N)r
·
√
πM ·

( p
N

)m+1

= 2
√
2Mγp,j(1− γp,j)

pm+1−r

Nm+1(p+N)r
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= 2
√
2Mγp,j(1− γp,j)

pm+1−r

Nm+1+r
(
1 + p

N

)r ≤
≤ 2
√

2Mγp,j(1− γp,j) ·
(N/2)m+1−r

Nm+1+r

=
√
2Mγp,j(1− γp,j)

(
N

2

)−2r 1

2m+r
.

Inequality (37) is proved.
It follows from (21), (24), (30), (34), (35) and (37) that

α2
p,j ≤

(
N

2

)−2r(
γp,j +

1− γp,j
22r

+
M2γp,j
24m+3

+
Mγp,j
22m+1

+

√
2Mγp,j(1− γp,j)

2m+r

)
.

Since γp,j ∈ [0, 1] (see (23)), we have

γp,j +
1− γp,j
22r

≤ 1 and
√
γp,j(1− γp,j) ≤

1

2
.

Hence,

α2
p,j ≤

(
N

2

)−2r(
1 +

√
2M

2m+r+1
+

M

22m+1
+

M2

24m+3

)
,

where p = 1, 2, . . . , N/2 − 1 and j = 1, 2. If we combine this with (13) and (14),
we get

inf
ω∈VN

‖ζ − ω‖ ≤
(
N

2

)−2r(
1 +

√
2M

2m+r+1
+

M

22m+1
+

M2

24m+3

)
.

Using (10), we see that inequality (9) is satisfied for any non-constant function
f ∈ W̃ r

2 .
This completes the proof.
Remark In [1], A.N. Kolmogorov proved that

dN

(
W̃ r

2 , L2[−π, π]
)
=

(
N

2

)−r
. (38)

Therefore the estimate (8) can be expressed as follows:

EL2[−π,π]

(
W̃ r

2 , VN

)
≤ dN

(
W̃ r

2 , L2[−π, π]
)√

1 +
M2

24m+3
+

M

22m+1
+

√
2M

2m+r+1
.

This means that VN is an almost best linear space for approximation of W̃ r
2 in

the norm of L2[−π, π].
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Approximation properties of generalized Fup-functions

Consider the generalized Fup-function

fN,m(x) =
1

2π

∞∫
−∞

eitx
(
sin (t/N)

t/N

)m+1

F (t/N) dt,

where N is an even natural number, m ∈ N, m ≤ N − 2 and F (t) is the Fourier
transform of the mother function f(x) ∈ L2(R) such that

(i) supp f(x) = [−1, 1],

(ii) f(x) is an even function,

(iii) f(x) ≥ 0 for any x ∈ [−1, 1],

(iv)
∫∞
−∞ f(x)dx = 1,

(v) F (π) ≥ 0.

Using Paley–Wiener theorem, we get

supp fN,m ⊆
[
−m+ 2

N
,
m+ 2

N

]
. (39)

Let

fN,m,k(x) = fN,m

(
x

π
− 2k −m− 2 +N

N

)
+ fN,m

(
x

π
− 2k −m− 2−N

N

)
for any k = 1, 2, . . . ,m+ 1 and

fN,m,k(x) = fN,m

(
x

π
− 2k −m− 2−N

N

)
for k = m+ 2, . . . , N .

Denote by LN,m the space of functions ϕ such that

ϕ(x) =
N∑
k=1

ck · fN,m,k(x), x ∈ [−π, π].

The aim of this section is to prove the following result.

Theorem 8 If m+ 1 ≥ r, then there exists M ≥ 0 such that

EL2[−π,π]

(
W̃ r

2 , LN,m

)
≤
(
N

2

)−r√
1 + ε, (40)

where

ε =
M2

24m+3
+

M

22m+1
+

√
2M

2m+r+1
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Proof.
First we shall show that there exists an almost-trigonometric basis of the space

LN,m.
Let us expand the function fN,m,k in the Fourier series:

fN,m,k(x) =
∞∑

j=−∞
cj · eijx, where cj =

1

2π

π∫
−π

fN,m,k(x) · e−ijxdx.

For the case k = 1, 2, . . . ,m+ 1 we get cj = I1 + I2, where

I1 =
1

2π

π∫
−π

fN,m

(
x

π
− 2k −m− 2 +N

N

)
· e−ijxdx

and

I2 =
1

2π

π∫
−π

fN,m

(
x

π
− 2k −m− 2−N

N

)
· e−ijxdx.

After the change of variables we obtain

I1 =
1

2
exp

(
−ijπ · 2k −m− 2−N

N

)
·

− 2k−m−2
N∫

−2− 2k−m−2
N

fN,m(z) · e−ijπzdz,

I2 =
1

2
exp

(
−ijπ · 2k −m− 2 +N

N

)
·

2− 2k−m−2
N∫

− 2k−m−2
N

fN,m(z) · e−ijπzdz.

Since

exp

(
−ijπ · 2k −m− 2−N

N

)
= exp

(
−ijπ · 2k −m− 2

N

)
· exp(ijπ)

= exp

(
−ijπ · 2k −m− 2

N

)
· exp(−ijπ) = exp

(
−ijπ · 2k −m− 2 +N

N

)
,

we get

cj =
1

2
exp

(
−ijπ · 2k −m− 2−N

N

)
·

2− 2k−m−2
N∫

−2− 2k−m−2
N

fN,m(z) · e−ijzdz.

Using 1 ≤ k ≤ m+ 1 and m ≤ N − 2, we have

−2− 2k −m− 2

N
≤ −1 ≤ −m+ 2

N
and 2− 2k −m− 2

N
≥ 1 ≥ m+ 2

N
.
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If we combine these inequalities with (39), we obtain

cj =
1

2
exp

(
−ijπ · 2k −m− 2−N

N

)
·
∞∫
−∞

fN,m(z) · e−ijπzdz.

Therefore
cj =

1

2
exp

(
−ijπ · 2k −m− 2−N

N

)
· FN,m(jπ). (41)

Similarly we can obtain (41) for k = m+ 2, . . . , N .
Consequently

fN,m,k(x) =
1

2

∞∑
j=−∞

exp

(
−ijπ · 2k −m− 2−N

N

)
· FN,m(jπ) · eijx (42)

holds for every k = 1, 2, . . . , N .
Consider the functions

ζN,m,p(x) =
2

N

N∑
k=1

fN,m,k(x) · exp
(
ipπ · 2k −m− 2−N

N

)
for p = 1, 2, . . . , N .

By construction,

ζN,m,p(x) =
1

N

∞∑
j=−∞

ap,j · FN,m(jπ) · eijx,

where

ap,j =
N∑
k=1

exp

(
iπ(p− j) · 2k −m− 2−N

N

)
.

We have

ap,j = exp
(
iπ(p− j)

(
−1− m

N

))
·
N∑
k=1

(
exp

(
iπ · 2(p− j)

N

))k−1

=

{
N · (−1)mq, if j = p+Nq, where q ∈ Z,
0, otherwise.

Hence

ζN,m,p(x) =
∞∑

q=−∞
FN,m(π(p+Nq)) · (−1)mq · ei(p+Nq)x (43)

for p = 1, 2, . . . , N .
Consider several cases.
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1. Let m be an even number. By (43), we obtain

ζN,m,p(x) =

∞∑
q=−∞

FN,m(π(p+Nq)) · ei(p+Nq)x. (44)

By definition,

FN,m(πN(q + 1)) =

(
sin(π(q + 1))

π(q + 1)

)m+1

F (π(q + 1)) =

{
0, if q 6= −1,
F (0), if q = −1.

From property (iv) of the function f it follows that

FN,m(πN(q + 1)) =

{
0, if q 6= −1,
1, if q = −1.

(45)

Therefore
ζN,m,N (x) ≡ 1.

Let

ψN,m,p(x) =


1
2(ζN,m,p(x) + ζN,m,N−p(x)), if p = 1, 2, . . . , N/2,
1
2i(ζN,m,p−N/2(x)− ζN,m,3N/2−p(x)),

if p = N/2 + 1, . . . , N − 1,

ζN,m,N (x), if p = N.

By the above
ψN,m,N (x) = 1. (46)

Using (44), we obtain

ζN,m,N−p(x) =

∞∑
q=−∞

FN,m(−π(p−N(q + 1))) · e−i(p−N(q+1))x.

It follows from property (ii) of the function f that the function F is even.
Therefore

ψN,m,N−p(x) =

∞∑
q=−∞

FN,m(π(p−N(q + 1))) · e−i(p−N(q+1))x

=

∞∑
s=−∞

FN,m(π(p+Ns)) · e−i(p+Ns)x.

Hence, for any p = 1, 2, . . . , N/2 we get

ψN,m,p(x) =
∞∑

q=−∞
FN,m(π(p+Nq)) · cos((p+Nq)x).
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Since F is even function, we obtain

ψN,m,p(x) =
∞∑
q=0

(FN,m(π(p+Nq)) · cos((p+Nq)x)

+FN,m(π((q + 1)N − p)) · cos(((q + 1)N − p)x))

(47)

for p = 1, 2, . . . , N/2− 1 and

ψN,m,N/2(x) = 2
∞∑
q=0

FN,m

(
π(2q + 1)

N

2

)
· cos

(
(2q + 1)

N

2
x

)
. (48)

In the same way,

ψN,m,p(x) =
∞∑
q=0

(FN,m(π(p−N/2 +Nq)) · sin((p−N/2 +Nq)x)

+FN,m(π((q + 1)N − p+N/2)) · sin(((q + 1)N − p+N/2)x))

(49)

for p = N/2 + 1, . . . , N − 1.
2. Let m be an odd number. In this case, using (43), we get

ζN,m,p(x) =

∞∑
q=−∞

(−1)q · FN,m(π(p+ qN)) · ei(p+qN)x.

This implies that

ζN,m,N (x) =

∞∑
q=−∞

(−1)q · FN,m(πN(q + 1)) · eiN(q+1)x.

If we combine this with (45), we obtain

ζN,m,N (x) ≡ −1.

Let

ψN,m,p(x) =


1
2i (ζN,m,p(x) + ζN,m,N−p(x)) , if p = 1, 2, . . . , N/2,
1
2

(
ζN,m,p−N/2(x)− ζN,m,3N/2−p(x)

)
,

if p = N/2 + 1, . . . , N − 1,

ζN,m,N (x), if p = N.

As above, it can be proved that

ψN,m,p(x) =
∞∑
q=0

(−1)q(FN,m(π(p+Nq)) · sin((p+ qN)x)

+FN,m(π((q + 1)N − p)) · sin(((q + 1)N − p)x))

(50)
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for p = 1, 2, . . . , N/2− 1,

ψN,m,N/2 = 2
∞∑
q=0

(−1)qFN,m
(
π(2q + 1)

N

2

)
sin

(
(2q + 1)

N

2
x

)
, (51)

ψN,m,p(x) =
∞∑
q=0

(−1)q(FN,m(π(p−N/2 + qN)) · cos((p−N/2 + qN)x)−

−FN,m(π((q + 1)N − p+N/2)) · cos(((q + 1)N − p+N/2)x))

(52)

for p = N/2 + 1, . . . , N − 1 and

ψN,m,N (x) ≡ −1. (53)

Consider the functions

vN,m,0(x) = (−1)m · ψN,m,N (x), wN,m,0(x) =
1

2FN,m(πN/2)
· ψN,m,N/2(x),

vN,m,p(x) =

{
ψN,m,p+N/2(x)/FN,m(πp), if m is odd,
ψN,m,p(x)/FN,m(πp), if m is even

and

wN,m,p(x) =

{
ψN,m,p(x)/FN,m(πp), if m is odd,
ψN,m,p+N/2(x)/FN,m(πp), if m is even

for p = 1, 2, . . . , N/2− 1.
Let us remark that FN,m(πp) 6= 0 for p = 1, 2, . . . , N/2. This statement will

be proved later.
From (46) – (53) it follows that

vN,m,0(x) ≡ 1,

wN,m,0(x) =
∞∑
k=0

(
yN,m,k cos

(
N

2
(2k + 1)x

)
+ zN,m,k sin

(
N

2
(2k + 1)x

))
,

vN,m,p(x) =
∞∑
k=0

(rN,m,p,k cos((p+ kN)x) + qN,m,p,k cos(((k + 1)N − p)x))

and

wN,m,p(x) =

∞∑
k=0

(sN,m,p,k sin((p+ kN)x) + tN,m,p,k sin((N(k + 1)− p)x))

for p = 1, 2, . . . , N/2− 1, where

yN,m,k =
1 + (−1)m

2
·
FN,m

(
π · N2 · (2k + 1)

)
FN,m

(
π · N2

) , (54)
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zN,m,k = (−1)k · 1− (−1)m

2
·
FN,m

(
π · N2 · (2k + 1)

)
FN,m

(
π · N2

) , (55)

rN,m,p,k = (−1)mk ·
FN,m(π(p+ kN))

FN,m(πp)
, (56)

qN,m,p,k = (−1)m(k+1) ·
FN,m(π(N(k + 1)− p))

FN,m(πp)
, (57)

sN,m,p,k = (−1)mk ·
FN,m(π(p+ kN))

FN,m(πp)
, (58)

tN,m,p,k = (−1)m(k+1)+1 ·
FN,m(π(N(k + 1)− p))

FN,m(πp)
. (59)

We see that the system {vN,m,p, wN,m,p}N/2−1p=0 constitutes an almost-trigonometric
basis of the space LN,m.

Now we show that all conditions of Theorem 7 are satisfied.
First note that condition (iii) of Theorem 7 is satisfied.
Secondly, from (57) and (59) it follows that

q2N,m,p,0 = t2N,m,p,0 =

(
FN,m(π(N − p))

FN,m(πp)

)2

.

By construction,

FN,m(πp) =

(
sin (πp/N)

p/N

)m+1

· F (πp/N)

and

FN,m(π(N − p)) =
(
sin (π − πp/N)

π(N − p)/N

)m+1

· F
(
π(N − p)

N

)
=

(
sin (πp/N)

π(N − p)/N

)m+1

· F
(
π(N − p)

N

)
.

This implies that

t2N,m,p,0 = q2N,m,p,0 =

(
p

N − p

)2(m+1)

· ϕ2
( p
N

)
,

where
ϕ(t) =

F (π(1− t))
F (πt)

.

Let us prove that the function ϕ is positive, increasing and differentiable on
[0, 1/2].

It follows from properties (i) and (ii) of the function f that

F (πt) = 2

1∫
0

cos(πtx)f(x)dx.
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For any x ∈ [0, 1], t1 ∈ [0, 1/2] and t2 ∈ [0, 1/2] such that t1 < t2 the inequality
0 ≤ πt1x ≤ πt2x ≤ π/2 holds. Since the function f(x) is positive (see property
(iii)), we have cos(πt1x)f(x) ≥ cos(πt2x)f(x). Therefore F (πt1) ≥ F (πt2). This
means that the function F (πt) decreases on the segment [0, 1/2]. Hence, F (πt) ≥
F (π/2) for any t ∈ [0, 1/2]. Furthermore, cos(xπ/2) > 0 for every x ∈ [0, 1). This
implies that the equality

1∫
0

cos(xπ/2)f(x)dx = 0

holds if and only if f(x) = 0 for almost every x ∈ [0, 1]. The last statement
contradicts the properties of the function f(x). We see that F (π/2) > 0. Therefore
F (πt) > 0 for every t ∈ [0, 1/2].

Moreover, by construction,

FN,m(πp) =

(
sin
(πp
N

)
πp
N

)m+1

· F
(πp
N

)
> 0

for p = 1, 2, . . . , N/2. This implies that the functions vN,m,p and wN,m,p were
defined correctly.

Further,

F (π(1− t)) = 2

1∫
0

cos(π(1− t)x)f(x)dx.

Consider t1, t2 ∈ [0, 1/2] such that the inequality t1 < t2 holds. We obtain
0 ≤ π(1− t2)x ≤ π(1− t1)x ≤ π for all x ∈ [0, 1]. If we combine this with property
(iii) of the function f , we see that cos(π(1 − t1)x)f(x) ≤ cos(π(1 − t2)x)f(x).
Equivalently, the function F (π(1− t)) increases on the segment [0, 1/2]. Therefore
F (π(1 − t)) ≥ F (π) for t ∈ [0, 1/2]. From property (v) of the function f(x) it
follows that the function F (π(1− t)) ≥ 0 for t ∈ [0, 1/2].

Thus the function ϕ is positive and increasing on the segment [0, 1/2]. In
particular ϕ(t) ≤ ϕ(1/2) = 1 for any t ∈ [0, 1/2].

By Paley-Wiener theorem, the function F is an entire function. Therefore the
function ϕ is differentiable on [0, 1/2].

Finally we shall show that the last condition of Theorem 7 is satisfied.
By construction,

FN,m(πp) =

(
sin (πp/N)

πp/N

)m+1

· F
(πp
N

)
,

FN,m(π(p+ kN)) =

(
sin (πk + πp/N)

π(p+ kN)/N

)m+1

· F
(
π(p+ kN)

N

)
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and

FN,m(π((k + 1)N − p)) =
(
sin (π(k + 1)− πp/N)

π((k + 1)N − p)/N

)m+1

×F
(
π((k + 1)N − p)

N

)
.

Hence, we obtain(
FN,m(π(p+ kN))

FN,m(πp)

)2

=

(
p

p+ kN

)2(m+1)

·
(
F (π(p+ kN)/N)

F (πp/N)

)2

and (
FN,m(π((k + 1)N − p))

FN,m(πp)

)2

=

(
p

(k + 1)N − p

)2(m+1)

×
(
F (π((k + 1)N − p)/N)

F (πp/N)

)2

.

It follows from the properties of the function f that

|F (t)| = 2 ·

∣∣∣∣∣∣
1∫

0

cos(tx)f(x)dx

∣∣∣∣∣∣ ≤ 2

1∫
0

|f(x)|dx

=

1∫
−1

f(x)dx =

∞∫
−∞

f(x)dx = 1.

Moreover, by the above F (πp/N) ≥ f(π/2) > 0 for p = 1, 2, . . . , N/2.
Therefore(

FN,m(π(p+ kN))

FN,m(πp)

)2

≤ 1

F 2(π/2)
·
(

p

p+ kN

)2(m+1)

and (
FN,m(π((k + 1)N − p))

FN,m(πp)

)2

≤ 1

F 2(π/2)
·
(

p

(k + 1)N − p

)2(m+1)

.

If we combine this with (56)–(59), we obtain

∞∑
k=1

(
r2N,m,p,k + q2N,m,p,k

)
=

∞∑
k=1

(
s2N,m,p,k + t2N,m,p,k

)

=
∞∑
k=1

((
FN,m(π(p+ kN))

FN,m(πp)

)2

+

(
FN,m(π((k + 1)N − p))

FN,m(πp)

)2
)
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≤ 1

F 2(π/2)
·
∞∑
k=1

((
p

p+ kN

)2(m+1)

+

(
p

(k + 1)N − p

)2(m+1)
)

=
1

F 2(π/2)
·
( p
N

)2(m+1)
·
∞∑
k=1

(
1

(k + p/N)2(m+1)
+

1

(k + 1− p/N)2(m+1)

)
.

Since 1 ≥ p ≥ N/2, we get

∞∑
k=1

(
r2N,m,p,k + q2N,m,p,k

)
=
∞∑
k=1

(
s2N,m,p,k + t2N,m,p,k

)
≤
( p
N

)2(m+1)
·M,

where

M =
1

F 2(π/2)
·
∞∑
k=1

(
1(

k + 1
N

)2(m+1)
+

1(
k + 1

N + 1
2

)2(m+1)

)
. (60)

We see that all conditions of Theorem 7 are satisfied and inequality (40) holds.
This completes the proof.
Remark. Actually, it was shown in the proof of Theorem 8 that the dimension

of the space LN,m is equal to N . Therefore the system {fN,m,k}Nk=1 is linearly
independent. Moreover, by definition of the Kolmogorov width, we see that

dN

(
W̃ r

2 , L2[−π, π]
)
≤ EL2[−π,π]

(
W̃ r

2 , LN,m

)
. (61)

If we combine this with (38) and (40), we get

dN

(
W̃ r

2 , L2[−π, π]
)
≤ EL2[−π,π]

(
W̃ r

2 , LN,m

)
≤ dN

(
W̃ r

2 , L2[−π, π]
)√

1 + ε(N,m, r),

where

ε(N,m, r) =
M2

24m+3
+

M

22m+1
+

√
2M

2m+r+1
.

Furthermore, it follows from (60) and the equality

∞∑
k=1

1

k4
=

π

90
,

that

M ≤ 2

F 2(π/2)
·
∞∑
k=1

1

k4
=

1

F 2(π/2)
· π

4

45
.

Hence,

lim
N,m→∞

EL2[−π,π]

(
W̃ r

2 , LN,m

)
dN

(
W̃ r

2 , L2[−π, π]
) = 1.
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This means that LN,m is almost the best space for approximation of the class
W̃ r

2 in the norm of L2[−π, π]. In other words, the generalized Fup-function fN,m,
which is a function with a local support, has good approximation properties.

Conclusion

In this paper we introduce a method of construction of function spaces that
combine the following convenient properties:

1) an existence of the basis that constructed using shifts of one compactly
supported function; besides, as it can be seen from (39) a support of this
function can be made arbitrarily small;

2) smoothness of functions of these spaces; moreover, the degree of smoothness
of these functions can be arbitrarily large; for example, if the mother
function is mups(x), we get infinitely differentiable generalized Fup-
function;

3) the dimension of these spaces can be quite arbitrarily;

4) good approximation properties; the class W̃ r
2 is a classic object of

investigation in approximation theory, theorem 8 actually means that spaces
of shifts of the generalized Fup-functions approximate W̃ r

2 well; furthermore,
these spaces are almost the best spaces for approximation of W̃ r

2 in the norm
of L2[−π, π];

The last property is the most important.
Notice that spaces of shifts of the generalized Fup-functions have good

approximation properties because of existence of the almost-trigonometric basis.
We stress that the almost-trigonometric basis theorem is another important

result. Actually, if it can be proved that some space of functions has an almost-
trigonometric basis, then this space has good approximation properties.

In spite of all convenient properties, there are many unsolved problems relating
generalized Fup-functions. The following open questions are of interest:

1) How can some generalize Fup-function be computed (generally, for this
purpose the Fourier series can be used)?

2) Can convenient asymptotic expansions of generalized Fup-functions be
obtained (we note that the first term of asymptotic expansions of these
functions was already obtained in [26])?

3) Can the inequality (61) be replaced by equality

EL2[−π,π]

(
W̃ r

2 , LN,m

)
= dN

(
W̃ r

2 , L2[−π, π]
)

(notice that by theorem 5 this equality holds, if up(x) is a mother-function
of the generalized Fup-function)?
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4) Can it be proved that

EC[−π,π]

(
W̃ r
∞, LN,m

)
≤ dN

(
(W̃ r
∞, C[−π,π]

)
· (1 + α(N,m)),

where α(N,m) → ∞ as N,m → ∞ (see theorem 4 for the up-function
case)?

These will be the object of another papers.
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